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Preface:

A novel partnership between surgeons and machines, made possible by advances in computing and 
engineering technology, could overcome many of the limitations of traditional surgery. By extending 
surgeons' ability to plan and carry out surgical interventions more accurately and with less trauma, 
Computer-Integrated Surgery (CIS) systems could help to improve clinical outcomes and the efficiency 
of health care delivery. CIS systems could have a similar impact on surgery to that long since realized 
in Computer-Integrated Manufacturing (CIM). Mathematical modeling and computer simulation have 
proved tremendously successful in engineering. Computational mechanics has enabled technological 
developments in virtually every area of our lives. One of the greatest challenges for mechanists is to 
extend the success of computational mechanics to fields outside traditional engineering, in particular 
to biology, the biomedical sciences, and medicine.  

Computational Biomechanics for Medicine Workshop series was established in 2006 with the first 
meeting held in Copenhagen. The third workshop was held in conjunction with the Medical Image 
Computing and Computer Assisted Intervention Conference (MICCAI 2008) in New York on 10 
September 2008. It provided an opportunity for specialists in computational sciences to present and 
exchange opinions on the possibilities of applying their techniques to computer-integrated medicine.  

Computational Biomechanics for Medicine III was organized into two streams: Computational 
Biomechanics of Soft Tissues, and Computational Biomechanics of Tissues of Musculoskeletal 
System. The application of advanced computational methods to the following areas was discussed: 

� Medical image analysis;  
� Image-guided surgery;
� Surgical simulation;  
� Surgical intervention planning;  
� Disease prognosis and diagnosis;  
� Injury mechanism analysis;  
� Implant and prostheses design;  
� Medical robotics.

After rigorous review of full (eight-to-twelve page) manuscripts we accepted 15 papers, collected in 
this volume. They were split equally between podium and poster presentations. The proceedings also 
include abstracts of two invited lectures by world-leading researchers Professor Chwee Teck Lim from 
national University of Singapore and Dr. David Lloyd from The University of Western Australia. 

Information about Computational Biomechanics for Medicine Workshops, including Proceedings of 
previous meetings is available at http://cbm.mech.uwa.edu.au/ . 

We would like to thank the MICCAI 2008 organizers for help with administering the Workshop, invited 
lecturers for deep insights into their research fields, the authors for submitting high quality work, and 
the reviewers for helping with paper selection. 

Karol Miller 
Poul M.F. Nielsen
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Molecular and Cellular Biomechanics-based Insights into the 
Pathophysiology of Human Diseases 

Chwee Teck Lim 
Singapore–MIT Alliance; SMART Center, Singapore; 

NUS Life Sciences Institute, National University of Singapore; 
Division of Bioengineering, National University of Singapore; 

E-mail: ctlim@nus.edu.sg 

Abstract

The human body, as a physical entity, is constantly subjected to stresses and strains throughout life. As 
such, the health and function of the organs, tissues and even cells can be affected by these physical interactions 
and their associated mechanical properties.  For example, any deviations in the structural and mechanical 
properties of a living cell can not only affect its physiological functions, but can also lead to diseases such as 
malaria and cancer. As such, cell and molecular biomechanics can play an important role in the study of human 
diseases.  

During the onset of a disease, a cell may experience alterations in both the composition and organization 
of its cellular structural features. Changes in the structural and mechanical properties of the cell, such as 
deformability and cell adhesiveness, may arise as these properties are reflective of the compositional and 
structural changes in the cell. Using cell and molecular biomechanics approaches, we can now study and 
quantify minute mechanical influences acting on individual cells and biomolecules.  In fact, knowing the effect 
of tiny forces, as small as a few piconewtons, acting on a living cell can reveal ways by which diseased cells 
differ from healthy ones. It can also help us better understand and establish possible connections between the 
mechanics of living cells and the onset and progression of human disease so as to assist in developing effective 
diagnostics for disease detection. 

Here, we will highlight studies on human diseases such as malaria and cancer, using nanotechnological 
and biophysical techniques such as atomic force microscopy, optical tweezers, microfluidics as well as 
micropipette aspiration assay.  It is hoped that from these studies, new and efficient methods of detection and 
diagnosis may be developed since malaria and cancer are examples of diseases that exhibit changes in the 
mechanical properties during disease progression.  For example, the extent to which a cell is able to deform may 
serve as a possible additional useful biomechanical marker in the detection of a disease that exhibit mechanical 
property changes. This may subsequently lead to new, effective and efficient methods of detection which are 
currently needed for diseases where early detection is extremely crucial for their control and prevention. In 
addition, these studies can also help clinicians in developing appropriate assays to quantitatively evaluate the 
efficacy of drugs and agents being developed to control or treat some of these diseases. 
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Computational Biomechanics: Neuromuscular skeletal modelling to 
estimate tissue loading in the lower limbs 

David Lloyd 
Faculty of Life and Physical Sciences, The University of Western Australia 

Email: dlloyd@cyllene.uwa.edu.au

Abstract

Musculoskeletal tissue injury and disease are commonly experienced by many people around the world. In 
many sports anterior cruciate ligament (ACL) rupture is a frequent and debilitating injury. Patellofemoral pain 
(PFP) is one of the most often reported knee disorders treated in sports medicine clinics, and is a common 
outcome following knee replacement surgery for osteoarthritis. Osteoarthritis is one of the most common 
musculoskeletal diseases in the world, with the knee and hip the most often affected joints.  

To design patient specific orthopaedic interventions, rehabilitation programs, or injury prevention 
programs one must estimate a person’s individual tissue loads during activities of daily living to understand, 
treat and/or prevent these injuries and disorders. For example, many acute injuries such ACL ruptures occur 
during sporting movements that involve running and sudden changes of direction. The progression of some joint 
disorders is also heavily influenced by tissue loading during walking or running, such as PFP and tibiofemoral 
OA. Normal knee joint architecture, such as bone and cartilage size and quality, are most dependent on the 
loading experienced in walking. New tissue engineering work, such as autologous chondrocytes implants, seek 
to re-grow functional hyaline cartilage, but need an appropriate mechanical environment in which to mature.  

Loading is crucial to understanding, treating or preventing all these conditions. However, it must be 
appreciated that for similar or even identical tasks people use different muscle activation and movement patterns 
depending on the type of control, experience, gender, and/or underlying pathologies. This strongly influences 
tissue loading. Therefore, to examine tissue loading associated with various injuries or disorders, people from 
different cohorts must be assessed performing specific tasks, accounting for their anatomy, movement and 
muscle activation patterns.  

Subject specific computational biomechanics, specifically, neuromusculoskeletal computer modelling 
techniques, model the anatomy and the actions of muscles as controlled by the nervous system. This presentation 
will explore the development and application of our subject-specific neuromusculoskeletal modelling methods to 
assess the loads, stresses and strain of tissues in the lower extremities.Our current research has shown that is 
possible to estimate articular loading of the knee that reflects the loading measured in the total knee prostheses. 
This work also suggests that it is important to include activation patterns that people use during walking.  

Current new directions in these methods will be explored, including making the models more subject-
specific, scaling muscle-tendon parameters to the individual and validation studies to show the accuracy of such 
methods. The forces produced by these models can also be used as inputs to finite element models so that tissue 
stress and strain can be estimated. 
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Abstract

Heart illnesses influence the functioning of the cardiac muscle and are the major causes of death in

the world. Optic flow methods are essential tools to assess and quantify the contraction of the cardiac

walls, but are hampered by the aperture problem. Harmonic phase (HARP) techniques measure the

phase in magnetic resonance (MR) tagged images. Due to the regular geometry, patterns generated by

a combination of HARPs and sine HARPs represent a suitable framework to extract landmark features.

In this paper we introduce a new aperture-problem free method to study the cardiac motion by tracking

multi-scale features such as maxima, minima, saddles and corners, on HARP and sine HARP tagged

images.

Contents

1 Introduction

2 Method
2.1 Scale Space . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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1 Introduction

Cardiovascular diseases may seriously influence the heart function, altering its regular wall deformation and

increasing the risk of heart failure. In 2004 heart diseases were responsible of more than 850.000 deaths

only in the US; they formed the major cause of death for the US population and generated healthcare costs

of hundreds of billions of dollars [21]. In this context, there is a necessity to assess the detailed motion of

cardiac tissue, using this as an indicator for the progress of disease and/or for the response to therapy and

perhaps even as precursors of cardiac symptoms. Optic flow is one of the traditional techniques in carrying

out motion analysis. Optic flow measures the apparent velocity pattern of moving structures in an image

sequence. In computer vision literature, several optic flow approaches have been described, ranging from

gradient based techniques to feature based methods. Differential techniques compute the velocity from

spatiotemporal image intensity derivatives or filtered versions of the image, using low-pass or band-pass

filters. In most of these techniques it is assumed that brightness does not change by small displacements and

the motion is estimated by solving the so-called Optic Flow Constraint Equation (OFCE):

Lxu+Lyv+Lt = 0 (1)

where L(x,y, t) : R
3 → R is an image sequence, Lx,Ly,Lt are the spatiotemporal derivatives,

u(x,y, t),v(x,y, t) : R
3 → R are unknown velocity vectors and x,y and t are the spatial and temporal co-

ordinates respectively. Since there is one equation and two unknowns (u and v), a unique solution cannot be

found. This has been referred as the ”aperture problem”. In order to find a plausible solution for equation

(1), Horn and Schunck [13] combined the gradient constraint with a global smoothness term, finding the so-

lution by minimizing an energy function. Lucas and Kanade [16] proposed a local differential technique, for

which the flow field is constant in a small spatial neighborhood. The results obtained by the early methods

were impressively improved by Brox et al. and Bruhn et al. [5, 6], who investigated a continuous, rotation-

ally invariant energy functional and giving a multi-grid approach to the variational optical flow methods.

One of the first applications of optical flow methods to tagged MRI was introduced by Dougherty et al. [7].

Florack et al. [10, 9] developed a robust differential technique in a multi-scale framework, whose application

to cardiac MR images was presented by Niessen et al [18, 17] and Suinesiaputra et al. [24]. Van Assen et

al. and Florack et al. [1, 11] developed a method based on multiple independent MR tagging acquisitions,

removing altogether the aperture problem, by generating as many equations as unknowns.

Standard OFCE methods are underconstrained, and need additional assumptions. In this paper we inves-

tigate cardiac motion by exploiting point features in Gaussian scale-space. These features are interesting

candidates for motion analysis: for those points the aperture problem does not arise and they are detected in

a robust framework, which is inspired by findings of the multi-scale structure of the visual system. In the

experiments maxima, minima, saddles and corners are chosen as feature points and the approach has been

tested on an artificial and real sequence. Outcomes of the proposed technique emphasize the reliability of

the vector field.

In sections 2 and subsection 2.1 a preprocessing approach and the multi-scale framework used in the experi-

ments is presented. In 2.2 the topological number will be introduced as a convenient technique for extracting

multi-scale features. In 2.3, 2.4 and 2.5, we present the corner detection method, the calculation of a sparse

velocity vector field, the dense flow field extension and the angular error measure. Finally in section 3 and

4 we describe the experiment, the results and discuss the future directions.
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2 Method

The experiments were carried out on a sequence of tagged MR images of a mouse heart’s left ventricle. In

1988 Zerhouni et al. [27] introduced a tagging method for noninvasive assessment of myocardial motion.

The method introduces structure, represented as dark stripes (figure 1 top), on the image aiming to improve

the visualization of the intramyocardial motion. The approach was later improved by Axel et al. and

Fischer et al [2, 8], who explored magnetic resonance imaging using spatial modulation of magnetization

(SPAMM) and (CSPAMM) respectively. The images, however, suffer from tag fading, making the frames

not suitable for optic flow methods based on conservation of brightness. In the harmonic phase (HARP)

method [19, 22], MR images are filtered in the spectral domain and this technique overcomes the fading

problem by taking into account the spatial phase information from the inverse transform of the filtered

images. In our experiments the HARP technique was employed. Two tagged image series with mutually

perpendicular tag lines were acquired (Figure 1 Top) and the first harmonic peak was filtered out using a

band-pass filter in the Fourier domain (Figure 1 middle). Once applied the inverse Fourier transform, in the

filtered images the phase varies periodically from 0 to 2π creating a saw tooth pattern (Figure 1 fourth from

the top, left and middle picture). The combination of frames with horizontal and vertical stripes was used to

create a grid pattern, which allowed the extraction of corners (Figure 1 fourth from the top, right picture).

A sine function was applied to the phase images so as to avoid spatial discontinuities in the input due to the

saw tooth pattern. A combination of sine HARP frames was later employed to produce a grid, from which

the features points (maxima, minima and saddles) were retrieved (Figure 1 Bottom).

2.1 Scale Space

Scale is one of the most important concepts in human vision. When we look at a scene, we instantaneously

view its contents at multiple scale levels. The Gaussian scale-space representation L(x,y,s) ∈ R
2 ×R

+ of

a raw 2-dimensional image f (x,y) ∈ R
2 is defined by the convolution of f (x,y) with a Gaussian kernel

φ(x,y,s) ∈ R
2 ×R

+.

L(x,y,s) = ( f ∗φ)(x,y,s) (2)

where φ(x,y,s) = 1
4πs exp(− x2+y2

4s ). In equation (2) x and y are the spatial coordinates, whereas s ∈ R
+

denotes the variance of the Gaussian kernel (scale). Equation (2) provides a blurred version of the image,

where the strength of blurring depends on the choice of scale. For an extensive review on scale space

see [9, 14, 25, 15].

2.2 Topological Number

Singularities (critical points) induced by the MR tagging pattern are interesting candidates for structural

descriptions. Detection and classification of critical points can be performed in an efficient way by the

computation of the so-called topological number [25, 23, 20].

We examine a point P in image L and its neighborhood NP. Suppose that NP does not have any other

critical points with exception of the point P itself, and suppose ∂NP is the boundary of NP, which is a D-1

dimensional oriented closed hypersurface. Since there are no critical points at ∂NP, the normalized gradient

of the image L on ∂NP is defined component-wise as: ξi = Li√
L jL j

with Li = ∂iL and i = 1, ...,D (summation

convention applies. Here we have D = 2). For a non-singular point we may define the D-1 dimensional form

Φ = ξi1dξi2 ∧ ...∧dξiDεi1...iD (3)

7
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Figure 1: Top: cardiac mouse MR tagged images with horizontal and vertical tags. Second from the top:

Fourier transform of cardiac mouse MR tagged images with horizontal and vertical tags. Middle: filtered

harmonic peak by using a band-pass filter. Fourth from the top: harmonic phase (HARP), the phase varies

periodically from 0 to 2π creating a saw tooth pattern. Grid obtained by combining the vertical with the

horizontal tags of the HARP images. Bottom: sine HARP images and grid obtained by combining the

vertical with the horizontal stripes.

where the symbol ”∧” represents the wedge product and εi1...iD is the permutation tensor of order D such

that: εi1...il ...ik...iD = −εi1...il ...ik...iD ∀l �=k and ε12...D = 1. Making the substitution of ξi in Φ we obtain:

Φ =
Li1dLi2 ∧ ...∧dLiDεi1...iD

(LjL j)D/2
(4)

The topological number can then be defined as

ν∂NP =
1

AD

∮
xε∂NP

Φ(x) (5)

where AD represents the area enclosed by ∂NP.

In two-dimensional images the topological point is referred as the winding number and represents the in-

tegrated change of angle of the gradient when traversing a closed curve in a plane. In two dimensions,

8
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equation (3) and (5) can be represented in a convenient way using the complex numbers. Given the complex

couple of coordinates z = x+ iy and the complex conjugate z = x− iy, the gradient vector field of the image

L(z,z) can be expressed as W = (Lx + iLy)/2 ≡ ∂zL(z,z). Hence, expression (3) can be written as

Φ = ξxdξy −ξydξx =
LxdLy −LxdLy

LxLx +LyLy
= Im

(Lx − iLy)d(Lx + iLy)
LxLx +LyLy

= Im(
dW
W

) = Im(d lnW ) (6)

where lnW = ln |W | +i argW . Φ can, therefore, be read as the angle change of the gradient field.

The winding number is always an integer times 2π and classifies singularities of a scalar image at any

dimension. For regular points the winding number is zero, for extrema the winding number is +2π, whereas

for saddle points is −2π. Figure 2 shows gradient vector fields and winding number path for maxima,

minima, saddle, and regular points respectively.

Figure 2: Gradient vector fields and winding number path for maxima, minima, saddle, and regular points

respectively.

Algorithm 1 Winding number

1: Define the complex gradient as Lx + iLy, where the derivatives are taken in scale-space.

2: For every pixel, extract the complex gradient with respect to the 8 neighbor pixels.

3: Extract the winding number

4: Check the sign of the winding number. Consider only winding numbers greater or smaller than 0.

5: If the sign of the winding number is positive, there is an extrema, else a saddle point.

6: In case of extrema, check the sign of the second order derivatives of the image at those points. In case

the sign is negative, there is a maximum, else a minimum.

2.3 Corner Detection

From differential geometry, image descriptors can easily be represented by a coordinate system, known

as gauge coordinate system, which is dependent on the local structure of the image. One component�ν =
{ ∂L

∂x , ∂L
∂y } is everywhere perpendicular to the isophote (line with constant intensity) and points in the direction

of the gradient vector, the other component�μ is tangential to the isophote such that�μ = { ∂L
∂y ,−∂L

∂x }.

In computer vision a corner is defined as a point with high isophote curvature and high intensity gradient.

The curvature gives a measure of local deviation from the tangent line and in gauge coordinates is described

as: k =−Lμμ
Lν

. Hence, a corner detector is defined as: Θn =−Lμμ
Lν

Ln
ν. In case of n = 3, Θ provides the so-called

(volume preserving) affine invariant corner detector [25, 4, 12].

Θ3 = −Lμμ

Lν
L3

ν = −2LxLxyLy +LxxL2
y +L2

xLyy (7)

In the experiments the maxima of the corner response were used as feature points.

9
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2.4 Sparse Velocities of Feature Points and Dense Flow Field

In our experiments given a sequence of frames, we assume that the singularity (feature) points move along

with the moving tissue (this is true by construction of the tagging pattern, provided the feature points cor-

rectly correspond to the tag crossings and to the corners of the tag crossings). In general, given a point in

a sequence of frames defined as L(x(t),y(t), t), where t indicates the time, the critical points are defined

implicitly by a vanishing spatial gradient:

∇L(x(t),y(t), t) = 0 (8)

In order to track the feature points, we derive equation (8) with respect to time and apply the chain rule for

implicit functions, yielding:

d
dt

[
∇L(x(t),y(t), t)

]
=

[
Lxxu+Lxyv+Lxt

Lxyu+Lyyv+Lyt

]
= 0 (9)

where d
dt is the total time derivative, and where we have dropped space-time arguments on the r.h.s. for

simplicity. Equation (9) holds only on location of critical points and can be also written as:[
u
v

]
= −H−1 d∇L

dt
(10)

where H denotes the Hessian matrix of L(x(t),y(t), t).

The velocities computed by equation (10) represent the flow field at a sparse set of positions. In order to

retrieve a dense velocity field, the sparse velocities have been interpolated using homogeneous diffusion

interpolation. Given a spatial domain Ω → R
2, the scalar functions u(x,y) and v(x,y) are the horizontal

and vertical components of a velocity vector V : Ω → R
2. We know the velocity vectors just at certain

positions and we call these vectors Ṽ = {ũ, ṽ} such that Ṽ : Ωs → R
2, where Ωs is a finite subset of Ω. We

are interested in retrieving a dense set of vectors V ∀x,y ∈ Ω. In order to do so, we minimize the energy

function

E(u,v) =
∫

Ω
(‖ ∇u(x,y) ‖2 + ‖ ∇v(x,y) ‖2)dxdy (11)

under the constraint V = Ṽ ∀x,y ∈ Ωs. The minimization of equation (11) is carried out by employing

Euler-Lagrange equations and the resulting expression can be solved with numerical schemes.

Algorithm 2 Computation velocities

1: Calculate set of velocities by solving (10) only for maxima, minima, saddle points and corners.

2: Determine the velocity of other points by minimizing (11).

3: Interpolate separately the x and the y components of the velocity vectors.

2.5 Angular Error

The interpolated flow vector at certain positions in the image can deviate from the true flow vector at that

position in direction and in length. In our assessment we are interested in the movement from one frame

to the next. Therefore, we set the time component of the flow vector to 1, yielding a 3-dimensional vector

V = {u,v,1}. The computed vector field has been compared with a ground truth extracted by an artificial
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sequence described in section 3 and the assessment has been performed using the so-called average angular

error (AAE) introduced by Barron et al. [3]

Angular Error = arccos(
Vt√

u2
t + v2

t +1
· Ve√

u2
e + v2

e +1
) (12)

where Vt is the true vector with spatial component ut ,vt and time component 1, whereas Ve is the estimated

velocity vector and ue,ve and 1 are its spatial and time components respectively.

3 Results

The proposed optic flow method was applied on a real sequence of 7 MR images (Figure 2), representing

a mouse heart in phase of contraction. The images presented a resolution of 80 by 80 pixels and contained

tags of 8 pixels wide; this width has been used to choose a physically reasonable range of spatial scales at

which the features and the velocity field were calculated. The spatial scale is defined as σ =
√

2s and the

experiments were performed from spatial scale σ = 1 until scale σ = 8 at time scale 1. In order to assess

the extracted vector field, an artificial sequence of 11 frames obtained by combination of translations (with

rate of 1 pixel per frame) in different directions was created, using the first frame of HARP and Sine HARP

and grid images (Figure 1, Fourth from the top (right) and Bottom (right)). A comparison between the

extracted vector field and the ground truth is shown in figure 3. In Table 1 are displayed the performance

of the proposed method, by the employment of different multi-scale features. In order to avoid outliers due

to boundary conditions, the computation of the flow field was performed from frame 5 to frame 8 and the

assessment was carried out on flow field regions 10 pixels distant from the boundaries. Finally, the error

has been expressed in terms of ”Average Angular Error” (AAE) and its standard deviation. The proposed

method achieved the best performance by employing all the feature points (AAE = 2× 10−2degrees and

Std = 3×10−2degrees).

Feature M1 M2 S C M1 M2 M1 S M1 C M2 S M2 C S C M1 M2 S M1 M2 C M1 S C M2 S C M1 M2 S C

AAE 1.31◦ 1.44◦ 0.28◦ 1.27◦ 0.26◦ 0.09◦ 0.25◦ 0.1◦ 0.58◦ 0.09◦ 0.03◦ 0.12◦ 0.03◦ 0.05◦ 0.02◦

Std 0.90◦ 1.02◦ 0.31◦ 0.93◦ 0.27◦ 0.13◦ 0.26◦ 0.13◦ 0.55◦ 0.12◦ 0.04◦ 0.05◦ 0.04◦ 0.07◦ 0.03◦

Table 1: Performance of the proposed optic flow method with different multi-scale feature points.

M1:Maxima, M2:Minima, S: Saddle, C: Corners. In the experiments the Average Angular Er-

ror (AAE) and its standard deviation have been employed as error measurement. The error

measure is expressed in degrees. The scales used in the experiment were: spatial scale σ =
{1,1.25992,1.5874,2.,2.51984,3.1748,4.,5.03968,6.3496,8.}, time scale 1

4 Discussion

In this paper we propose a new method to track cardiac motion from a combination of HARP and Sine HARP

images by following the movement of multi-scale singularity points. Qualitative and quantitative analysis

of the results emphasize the reliability of the vector field, in particular, we found that the accuracy of the

flow field is dependent on the number of the employed features. The best performance has been achieved

by using all features simultaneously AAE = 2× 10−2degrees. For a more reliable results, however, in the

forthcoming experiments we will assess the approach by using more complex test image sequences and

compare it with constant brightness based methods. Furthermore, it is interesting to point out, that constant
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Figure 3: Comparison of vector fields in the artificial sequence. Extracted vector field (left) and ground truth

(right).

Figure 4: Flow field of MR images sequence, representing a mouse heart in phase of contraction. The

sequence consisted of 7 frames and the filtered velocity field of the third and fifth frame has been displayed

in the picture. The direction of the velocity vectors is color-encoded, the colors provide information about

the coherency of the flow field in certain regions.

brightness methods are sensitive to the tag fading; the MR images have to be filtered in the Fourier domain in

order to extract the velocity field. In this process the tag fading and noise are eliminated, but also information

about the movement of the tags. Feature based optic flow methods are not dependent on constant brightness

and less sensitive to tag fading, which makes our approach suitable for clinical practice. Future tests will

include the evaluation of our method directly on MR images. In the experiments the velocity field of our

approach has been extracted at fixed scales. In real data, due to deformation of the cardiac walls, the structure

changes scale over time, thus, the final results obtained in the assessment may not be optimal. Therefore, it

may be interesting to repeat the same experiments by using a scale selection method. The behavior of the

cardiac muscle is characterized by twistings and contractions, therefore, interpolation with a term, that takes

into account the rotation and the expansion of the vector field may improve the results.

Finally, the retrieved motion field may find also an application in validating mathematical models describing

heart deformation. Ubbink et al. [26], for instance, compared 3 simulations of the cardiac muscle, illustrat-

ing how the orientation of modeled myofibers plays an important role in the computation of the final strain.

A validation of these methods might be carried out by comparing the simulated strain with a ground truth

strain calculated from the extracted optic flow field using real data.
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Abstract 

Surgical repair of the mitral valve results in better outcomes than valve replacement, yet diseased valves are often 
replaced due to the technical difficulty of the repair process. A surgical planning system based on patient-specific 
medical images that allows surgeons to simulate and compare potential repair strategies could greatly improve 
surgical outcomes. The system must simulate valve closure quickly and handle the complex boundary conditions 
imposed by the chords that tether the valve leaflets. We have developed a process for generating a triangulated mesh 
of the valve surface from volumetric image data of the opened valve. The closed position of the mesh is then 
computed using a mass-spring model of dynamics. In the mass-spring model, triangle sides are treated as linear 
springs supporting only tension. Chords are also treated as linear springs, and self-collisions are detected and 
handled inelastically. The equations of motion are solved using implicit numerical integration. The simulated closed 
state is compared with an image of the same valve taken in the closed state to assess accuracy of the model. The 
model exhibits rapid valve closure and is able to predict the closed state of the valve with reasonable accuracy
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1 Introduction 

The mitral valve is the most complex of the four heart valves and is the one most often associated with 
disease [21]. It consists of two leaflets that open and close as the heart beats to ensure one-way flow of 
blood into the left ventricle. The leaflets are restrained by fibrous chords during closure. See Figure 1. 
Mitral regurgitation (MR) occurs when the valve fails to close adequately during ventricular contraction 
and blood leaks backward through the incompetent valve. It can be caused by ischemic heart disease, 
dilated cardiomyopathy, rheumatic valve disease, or infection [5]. MR can lead to heart failure if left 
untreated, and the only effective treatment is surgery. The two primary surgical treatment options are 
repair of the native mitral valve tissue and replacement with a prosthetic valve. Repair has been shown to 
result in better function and long-term survival than replacement [9,15,20], so surgical repair of the mitral 
valve is preferable to valve replacement for the majority of patients who require treatment for MR [7]. 
However, replacement is often performed instead of repair due the technical difficulty of valve repair 
[18].

Figure 1 Cross section of the left heart with mitral valve shown in the closed position. Mitral valve 
structures are identified by arrows. 

Valve repair typically requires use of cardiopulmonary bypass, a procedure which involves arresting the 
heart and emptying it of blood. The surgeon must try to imagine how the valve leaflets, and/or the chords 
that tether them, must be modified to make the valve close effectively after the heart is refilled with blood 
and pumping has been restored. Practice and experience are crucial for the development of the skills 
necessary to reliably repair mitral valves. Studies show that experienced surgeons at large clinical centers 
have a much better record of successful repairs, and valve replacement is often chosen instead of repair at 
low volume centers [8]. 

Surgical simulation has the potential to enable less experienced surgeons to effectively repair valves. This 
would allow many patients to undergo valve repair who would otherwise have undergone valve 
replacement. We propose that computer simulations of mitral valve closure can be used to help the 
surgeon plan effective repair strategies on a patient-specific basis. Under the proposed scheme, the 
geometry of a particular patient’s valve would be extracted from medical images acquired prior to the 
date of surgery. The surgeon could then modify a computer model of that valve to reflect a particular 
surgical repair strategy and would use computer simulation to predict the closed state of the valve, 
indicating the effectiveness of that particular repair strategy. In this way, many potential repair strategies 
could be simulated and compared prior to the actual surgery, informing the surgeon to help choose the 
best strategy for a particular patient.  

Leaflets 

Chords 

Papillary muscles 
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An important component of the proposed surgical simulation system is the computational model of the 
mitral valve. The proposed surgical simulation environment places two important requirements on the 
computational model. First, valve anatomy must be modeled in sufficient detailed to allow predictive 
modeling on a patient-specific basis. Second, the model must be able to compute the closed state 
relatively quickly. A surgeon may want to simulate ten or more surgical strategies for a given patient, so 
the time to simulate one valve closure must be on the order of minutes.  

Several groups have developed finite element models of the mitral valve to study its function [6,11,23]. 
While these studies modeled important aspects of the complex behavior of the valve, their methods are 
not well-suited for the surgical simulation environment.  They were based on averaged valve data, rather 
than subject-specific images, assuming symmetry of the leaflets through their midline and neglecting the 
branching structure of the chords. Another finite element study modeled the valve structures 
asymmetrically and obtained boundary conditions dynamically using implanted sonomicrometry crystals 
in an animal model [12]. Unfortunately their sonomicrometry method cannot be used clinically. All of 
these finite element models have execution times that are too slow for this surgical planning application.  

In developing the computational model, several assumptions were made. First we assumed that a static 
loading state of peak systolic pressure was sufficient to assess valve competency in the model. A 
justification of this assumption is that the technique used at the end of surgery to test the repaired valve is 
to load the valve by injecting saline under static pressure [5]. This assumption allows us to ignore the 
complex interaction between blood flow and the valve structures during ventricular filling and ejection.  

The second assumption concerns the role of tissue deformation in determining the shape of the closed 
valve. The valve leaflets undergo both conformational changes and deformation (tissue strain) in going 
from the open to the closed, loaded state. While the constitutive properties of valve leaflets and chords are 
known to be complex and to play a role in maintaining relatively low and uniform stress concentrations 
across the valve leaflets, we hypothesize that the conformational changes largely dictate whether the 
valve closes completely and that modeling the conformational changes along with a simple model of 
tissue properties will enable us to accurately predict the closed state given a particular valve geometry.  

To meet these requirements, we have developed a computational model based on a mass-spring system, a 
method used in computer graphics to simulate the dynamics of fabric [16]. Mitral valve geometry is read 
directly from computed tomography (CT) data. This data is used to generate a triangular mesh. The mesh 
is treated as a system of masses connected by springs, and dynamics equations are used to evolve the 
closed state of the valve. The closed state predicted by the model is compared directly with images of the 
actual valve taken in the closed state.  

2 Methods 

2.1 Imaging 

The mitral valves of two explanted porcine hearts were statically loaded with air via tubing inserted 
through the aorta, past the aortic valve, and into the left ventricle. The aorta was then cinched tightly 
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around the tubing. To prevent air leakage through the coronary arteries, they were sutured closed. In order 
to supply air at low pressure with high accuracy, a circuit consisting of low-pressure regulators and 
electronic pressure sensors was constructed. The hearts were imaged in two different states using a micro-
CT system (microCAT, Siemens, Munich, Germany): (1) with the mitral valve in the open position (no 
applied pressure), and (2) with the mitral valve in the closed position under typical porcine peak systolic 
pressure of 100 mmHg. Images were acquired at 100 μm isotropic voxel size. The volumetric CT image 
of the hearts were cropped to include only the mitral valve leaflets and chords. The resulting image of the 
valve was segmented, and an isosurface was fit to the data in Matlab (Mathworks, Natick, MA). The 
surface consists of an unstructured triangular mesh of points covering all surfaces of the leaflets and 
chords. The set of triangles comprising the atrial surface of the leaflets was isolated, and all chords that 
attach to either the free edge or the belly of the leaflets were approximated with line segments. 

2.2 Mass-spring Model 

Model Structure 

The dataset consisting of the triangulated mesh of the open valve leaflets along with the line segments 
representing the chords was used as the basis for a mass-spring model. All edges of triangles were treated 
as translational springs supporting only tension, and the mass of each triangular element (assuming finite 
thickness and known mass density) is treated as being lumped at the nodes. An example of a simple mass-
spring mesh is shown in Figure 2. Spring constants for the springs comprising the valve leaflets were 
chosen using the following equation for approximating elastic membrane behavior with spring meshes 
[22]: 

(1)

where kc is the spring constant for a given triangle side, E2 is the two-dimensional Young’s modulus for 
the leaflet tissue, the summation term represents the area of all triangles sharing side c, and the 
denominator is the squared length of side c. The two-dimensional Young’s modulus is the product of 
Young’s modulus and leaflet thickness. We assume uniform leaflet thickness of 1mm.  

Figure 2 Example of a simple mass-spring mesh. All triangle sides are treated as translational springs, 
and mass is lumped at the nodes. 

The stress-strain relationship for mitral valve leaflet tissue in known to be nonlinear, with a highly 
extensible pre-transitional region followed by a linear post-transitional region of much higher stiffness. 
See Figure 3. We approximated this relationship using a bilinear fit, with pre- and post-transitional 
stiffness of 100 and 6000 kPa and transition point of 25% strain [14]. Chord segments were also treated as 
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springs supporting only tension, and spring constants were computed as 1-d Young’s moduli based on 
chord length, cross-sectional area and Young’s modulus for the chords [11]. Nodal mass was computed as 
the product of the nodal area (one third of the sum of the areas of triangles sharing that node), leaflet 
thickness and mass density.  

Figure 3 Example of typical stress-strain curve observed in mitral valve leaflets. Young’s modulus of the 
pre-transitional region, Epre, is the slope of the stress-strain curve at low strains, and Young’s modulus of 
the post-transitional region, Epost, is the slope at high strains. The transition point is denoted as ε*.

Model Dynamics 

The dynamics of the mass-spring system can be expressed in state-space form as: 

(2)

where x and v are vectors of nodal positions and velocities, respectively, M-1 is the inverse mass matrix (a 
diagonal matrix with the reciprocal of nodal mass on the main diagonal), and f is the vector of net nodal 
force due to springs and external forces. Implicit numerical integration is used because it allows larger 
integration step sizes and correspondingly faster simulations [1]. In order to use implicit integration, we 
discretized (2) using a second-order backward-difference formula as: 

(3)

where h is the integration time step. The net nodal force at step n+1 depends on the nodal positions at step 
n+1 making the set of equations nonlinear. It can be linearized by replacing f at step n+1 with a first-
order Taylor series approximation: 

(4)

Following a method used in a study simulating the behavior of cloth [3], (3) and (4) can be combined and 
expressed as the linear system: 
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(5)

The Jacobian matrix expressing the partial derivative of the net force vector with respect to velocity is an 
N x N block matrix where N is the number of nodes in the system, and each block is 3 x 3, representing 
the three spatial coordinates. The forces due to springs as well as those due to applied pressure do not 
depend explicitly on nodal velocity, so their contributions are zero. Only the viscous damping term 
depends on nodal velocity, and its partial derivative yields –bI where b is the damping coefficient and I is 
the 3N x 3N identity matrix.  

The Jacobian matrix expressing the partial derivative of the net force vector with respect to position is the 
same size as the Jacobian described above. In this case, the forces due to viscous damping and those due 
to applied pressure do not depend explicitly on position, so their contributions are zero. The forces due to 
the translational springs depend directly on nodal position, and their contribution to the Jacobian was 
evaluated analytically. For the translational spring between nodes i and j, elements of the Jacobian are 
computed as: 

(6)

and

(7)

where  

(8)

In this equation, l is the undeformed length of the spring between nodes i and j, {sx sy sz}T is the vector 
from node i to node j, and r = {sx sy sz}*{sx sy sz}T.

Solution Method 

Equation (5) is a linear system where the first term on the left side is a sparse 3N x 3N matrix and the 
second term is a 3N x 1 vector of unknowns. All of the terms on the right side are 3N x 1 vectors which 
are known. It can be solved by inverting the sparse matrix. We used an iterative technique based on the 
method of conjugate gradients [2]. 

Points lying on the annulus as well as the locations where chords attach to the heart wall are treated as 
fixed (zero-displacement). However, both of these sets of points move considerably as the valve closes – 
both during physiological valve closure and during the passive loading that we use to image the closed 
valve. The closed shape of the valve leaflets is strongly dependent upon the locations of the annulus and 
chord attachment points, so it is important that we use their positions in the closed state for our 
simulations. To do so, we took a CT scan of the valve in the closed, loaded state then generated a mesh 
and identified the annulus and chord attachment points on the mesh. The annulus points were registered to 
those from the mesh of the open valve using the iterative closest point algorithm [24]. Points lying on the 
annulus of the open mesh were then linearly warped onto the annulus from the closed image, and the 
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points of attachments of the chords were moved directly to their positions measured in the image of the 
closed valve. All of the nodes in the mesh will be disturbed by the jump in positions of the annulus and 
chord attachments. To calculate their equilibrium state, the spring network was solved using a quasistatic 
approach. This was done by assembling the global stiffness matrix and solving it subject to zero-
displacement boundary conditions on the free edge of the leaflet and prescribed-displacement boundary 
conditions on the annulus and chord attachment points [13]. Then, during dynamic simulations, the 
constraint on the free edge of the leaflet is relaxed while annulus and chord attachment points are 
constrained to remain fixed. 

Zero-displacement boundary conditions are implemented during simulations through use of the inverse-
mass matrix appearing in (5). A particle i acted upon by springs but not subject to any displacement 
constraints will contribute the 3 x 3 diagonal matrix given by (1/mi)I to the main diagonal of the 3N x 3N
inverse-mass matrix. However, we could prevent the velocity of the particle from changing by making the 
inverse-mass equal to zero, i.e., giving it an infinite mass. An infinite mass cannot be accelerated, so it 
effectively ignores all forces exerted on it. The zero displacement boundary conditions at the mitral valve 
annulus and at nodes where chords terminate in the heart wall are handled this way. Self-collisions of the 
leaflet were identified using a simple method based on proximity of vertices. Detected collisions were 
handled by inserting forces to render the collisions inelastic. 

Model Parameters and Implementation 

Some of the model parameters, such as constitutive properties of the tissues and applied transleaflet 
pressure, affect the closed shape of the valve at equilibrium. These parameters are assigned physically 
realistic values and are listed in Table 1. The remaining model parameters affect model dynamics and/or 
stability but not the closed shape of the valve, and those are assigned in order to minimize execution time 
and instability. The model was implemented in the Matlab programming language. 

Table 1. Model parameters.  

3 Results 

Images from several stages of the simulation process for two different data sets are shown in Figure 4. 
The left pair of panels shows CT images of the mitral valve (oblique view from the top) in the opened 
position. The next pair of panels shows the initial states of the mass-spring model of the valve from the 
same view. The chords are depicted by line segments. The next pair shows the meshes in the initial state 

Parameter Value 

Epre, leaflets 100 kPa

Epost, leaflets 6,000 kPa

E, chords 40,000 kPa 

ε* 25% 

transleaflet pressure 13 kPa (100 mmHg) 
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but after the annulus and chord attachments have been moved to their positions for the closed state. The 
right pair of panels shows the meshes in the final closed and loaded state. The model shown in the top 
row contains 381 nodes, 631 triangles, and 1013 translational springs. The model shown in the bottom 
row contains 276 nodes, 419 triangles, and 700 springs. The valve model closed completely in 
approximately 5 minutes on a computer with 2.33 GHz dual core CPU.  

Figure 4 Four stages of the modeling and simulation process are shown above for two different datasets 
(top and bottom rows). Panels, from left to right, show (1) CT scan of open mitral valve, (2) mesh of open 
valve, (3) mesh of open valve with annulus and chord attachment points moved to their positions from 
image of closed valve, and (4) mesh following simulation of valve closure.  

To quantitatively compare the closed state predicted by the model to the closed state generated from the 
image of the closed valve, the two surfaces were co-registered, again using the iterative closest point 
method based on vertices lying on the valve annuli. The error in the closed state predicted by the model is 
estimated by computing the magnitude of the distance between points on the closed image and their 
nearest points on the closed model. This distance is mapped to color and is plotted in Figure 5, with the 
error map on the left and right corresponding to the data sets in the top and bottom rows of Figure 4. The 
mean error across the surface was 1.7 mm for the error map on the left and 1.1 mm for the error map on 
the right. Maximum error was about 4 mm for both error maps. 

Figure 5 Error between the closed state of the valve simulated by the model and the mesh produced 
directly from the image of closed valve. Image on the left/right corresponds to the valve shown in 
top/bottom row of Figure 4. Error, in millimeters, is mapped to color.  

4 mm 

0
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The sensitivity of model results to changes in several important model parameters was evaluated. We 
define sensitivity, S, as: 

(9)

where Y is the measure of model accuracy, X is a parameter being tested, and X0 is the value of that 
parameter used for our simulations and listed in Table 1. For Y, we use the mean error across the model 
surface. We approximate (9) as ΔY/ ΔX by increasing parameter X by 10%, repeating a simulation, and 
computing the resulting change in Y. Sensitivity to the constitutive properties of the leaflets is shown in 
Table 2.  

Table 2. Sensitivity to parameters. 

4 Discussion 

The goal of this study was to develop a simplified model of mitral valve mechanics specifically for use in 
surgical planning. There are three main requirements for the model. First, the model must represent the 
geometry of the valve structures in sufficient detail to allow patient-specific simulation. Second, the 
model must be able to simulate valve closure quickly and robustly. The third requirement concerns 
accuracy. Each of these requirements will be discussed below. 

To produce models capable of conveying patient-specific anatomical detail, we produced dense meshes 
directly from images. Our imaging method provided high resolution and contrast and enabled us to 
acquire images under carefully controlled loading conditions. Micro-CT scans cannot be used to acquire 
images in the clinical setting because of the small bore diameter, and a patient’s heart cannot be statically 
loaded for imaging. However, flat-panel volume CT can be used to image a human heart in vivo with 
similar resolution to our data [10]. Cardiac gating allows images to be captured at any point in the cardiac 
cycle, obviating the need for static loading.  

Our mitral valve models were able to simulate one closing cycle in approximately 5 minutes, and 
significant speed gains can likely be made by implementing some of the bottleneck sections of the 
program in the C programming language. Further gains could be made by taking advantage of multiple 
CPU’s or by using the GPU [19]. Simulations proved to be very robust. They were stable for all meshes 
that were tested, and stability was not affected by the quality of triangles in the mesh.  

Parameter Sensitivity 

Epre -0.00349 mm/kPa 

Epost 2.13 x 10-7 mm/kPa 

ε* -0.0221 mm/% 

0XX
YS

∂
∂=
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In choosing mass-spring modeling over finite element approaches, we have deliberately traded off some 
accuracy in the interest of speed and robustness. Finite element methods are based on continuum 
mechanics and can rigorously handle the anisotropy and nonlinearity that are known to characterize valve 
biomechanics [17]. Furthermore, they provide detailed analysis of stresses throughout the structures under 
load. However, our accuracy goals are more modest. At present, the surgeon hopes simply to create a 
mitral valve repair geometry that closes completely at peak load; our model is presented as a tool that 
could better inform surgeons as they try to understand the relationship between the geometry of the 
opened valve and its closed state. Analysis of stress concentrations throughout the leaflets is beyond the 
capability of the type of model presented here.  

The model is able to predict many features of the closed state accurately and estimates the actual position 
of the closed leaflets with mean errors of 1.7 mm or less. By quantifying and plotting the error in the 
closed state predicted by the model, we can clearly see in which regions the model succeeds or fails to 
capture the actual behavior. For both mitral valves that we modeled, the maximum error of approximately 
4 mm occurred in the middle of the leaflets. Two factors probably contribute to this error. First, by 
representing the mitral valve leaflets as isotropic, we neglect it strong orthotropic behavior, which is 
likely to play a role in determining leaflet shape. Second, for chords that attach to the free edge of a 
leaflet, we attach them at a single point on the edge, while, in reality, the chord inserts into the leaflet over 
a long overlapping region and imparts high stiffness to that leaflet in the direction of the chord. 

The limited sensitivity analysis that we performed demonstrates that the accuracy of the model in 
predicting the closed state of the leaflets is not highly sensitive to the choice of leaflet properties. For 
example, a 1 kPa increase in the pre-transitional Young’s modulus for the leaflets results in a decrease in 
model error of less than 1/100th of a millimeter. It is desirable for our model to be relatively insensitive to 
leaflet properties because it indicates that we could have used any physiological values for leaflet 
properties (which are known to exhibit a large variance [14]) without significantly affecting our results. 

It is important to note that closure of the valve leaflets is not the only metric of valve function, and hence 
quality of potential repair. One might also consider stress levels in the leaflets, a metric important for 
long-term durability of the valve. However, accurate simulation of the closed state is a good first-order 
criterion for valve function.  

5 Conclusions 

Our method of simulating closure of the mitral valve meets the requirements of surgical planning for 
valve repair. Simulations are fast and robust, and patient-specific models can be derived directly from 
images. Results are in reasonable agreement with images of the loaded valve. The relationship among the 
full set of model parameters need to be better understood, and the effect of changing the mesh density on 
speed and accuracy needs further investigation. 
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Abstract

The elastic registration of medical scans from different acquisition sequences is becoming an important

topic for many research labs that would like to continue the post-processing of medical scans acquired via

the new generation of high-field-strength scanners. In this note, we present a parameter-free registration

algorithm that is well suited for this scenario as it requires no tuning to specific acquisition sequences.

The algorithm encompasses a new numerical scheme for computing elastic registration maps based on

the minimizing flow approach to optimal mass transport. The approach utilizes all of the gray-scale data

in both images, and the optimal mapping from image A to image B is the inverse of the optimal mapping

from B to A. Further, no landmarks need to be specified, and the minimizer of the distance functional

involved is unique. We apply the algorithm to register the white matter folds of two different scans and

use the results to parcellate the cortex of the target image. To the best of our knowledge, this is the first

time that the optimal mass transport function has been applied to register large 3D multimodal data sets.
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1 Introduction

Registration is an important pre-processing step for many automatic approaches that extract cortical struc-

tures from Magnetic Resonance Images (MRI) [9, 22, 11]. Common approaches for aligning the atlas of the

segmenter to the patient MRI are based on the B-spline representation [11, 19] and continuum and fluid me-

chanics, [7, 15, 6, 21]. The accuracy of these approaches generally depends on how well they are tuned to the

sequence of patient scan. Tuning these algorithms often requires expertise about the underlying algorithm.

Clinicians scanning with new acquisition sequences are therefore often concerned on how to post-process

these scans. In this paper, we propose a parameter-free algorithm for the registration of MRIs.

We model the registration of images as an optimal mass transport problem. Introduced by Monge and

Kantorovich [13], the solution to the problem is an optimal mapping û (in some sense) between two densities

μ0 > 0 and μ1 > 0. If we now define d as the dimension of the image domain, det(·) as the determinant, u
as a mapping from Ω → Ω with Ω a subdomain of Rd , and represent by ρ(·, ·) : Ω×Ω → R+ a distance

function between two points in Ω, then the problem can be formalized as

û � min
u∈U

1

2

Z
Ωd

μ0(x)ρ(u(x),x)dx,

where U = {u : Ω → Ω | c(u) = det(∇u)μ1(u)−μ0 = 0} .

(1.1)

We refer to the constraint c(u) = 0 as the mass preserving (MP) property.

For the remainder of this note, we take ρ(·, ·) to be the squared distance function ρ(u(x),x) � ‖u(x)− x‖2.

Even for the simple L2-norm, (1.1) defines a highly non-linear optimization problem. While there exists a

large body of literature which deals with the analysis of the problem, such as [1, 8], only a smaller number

of papers discuss efficient numerical solutions for the problem. Benamou and Brenier [5] estimate û by

relating Equation (1.1) to the minimization of a certain kinetic energy functional with a space-time transport

partial differential equation (PDE) constraint. Their approach not only estimates the optimal mapping but

also provides the transportation path between the densities. A computationally faster solution to (1.1) was

proposed by Angenent et al. [3]. Their algorithm directly estimates û by first computing a transformation

u0 that fulfills the MP property. Afterwards, the algorithm improves u0 by concatenating the mapping with

the transformation,

ŝ � min
s∈S

1

2

Z
Ωd

μ0(x)(u0(s−1(x))− x)2 dx,

where S = {s : Ω → Ω | c̃(s) = det(∇s)μ0(s)−μ0 = 0} .

(1.2)

We refer to the second equation in (1.2) as the c̃ constraint. This means that s ∈ S is an MP mapping from

μ0 to itself. The authors in [3] show that ŝ can be estimated via a steepest descent flow. To register 2D

MRIs, they implement the method using forward Euler equation scheme for time stepping and a simple

finite difference discretization of the spatial derivatives. The approach, however, does not enforce the MP

constraint at each step of the numerical algorithm, so that the final solution generally does not fulfill the

MP property. In addition, steepest descent is very slow in estimating the solution to Equation (1.2). For

these reasons it would be very challenging to efficiently register 3D medical images with this approach. To

overcome this hurdle, this paper describes a faster numerical solution to Equation (1.2) that enforces the MP

constraint.
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Unlike [3], we solve the optimization problem via an approach where we choose a direction other than

steepest descent and show that it converges faster (see Section 2). Furthermore, we derive a numerical

approach that uses a consistent conservative discretization method and enforces the MP constraint at each

update of the solution (Section 3). In Section 4, we test the robustness of our approach by registering the

white matter folds of two MRIs. The first MRI scan is part of a publicly available atlas [14] with detailed

anatomical information about the scan. The second scan was acquired using a very different scanning

protocol. Our approach accurately aligns the two scans. We then use the aligned atlas to outline the cortical

folds in the new scan.

We end this section with the comment that our approach most closely relates to those registration approaches

based on fluid mechanics. The optimal warping map of the L2 Monge-Kantorovich equation may be re-

garded as the velocity vector field which minimizes a standard energy integral subject an Euler continuity

equation constraint [5]. In particular, in the fluid mechanics framework, this means that the optimal Monge-

Kantorovich solution is given as a potential flow.

2 Obtaining the descent direction

We now quickly review the derivation presented in [12] but within a variational framework. Assuming that

the MP constraint condition is valid, we take a perturbation in s which stays on the MP constrained manifold.

This leads to

0 = c(s+δs)− c(s) = det(∇(s+δs))μ0(s+δs)−det(∇s)μ0(s)
= det(∇s)(∇ · (δs(s−1))(s))μ0(s) + det(∇s)∇μ0(s) ·δs.

This expression can be simplified as long as the constraint is valid. Since det(∇u) > 0 we can divide, and

rearranging we have

0 = (μ0∇ · (δs(s−1)))(s) + ∇μ0(s) ·δs

= μ0∇ · (δs(s−1)) + ∇μ0 ·δs(s−1) = ∇ · (μ0δs(s−1).

Defining δζ = μ0δs(s−1), we see that ∇ · δζ = 0. Next, looking at u = u0(s−1), we can write u(s) = u0 which

implies that,

(∇u(s))δs+δu(s) = 0 ⇒ δu = −(∇u)δs(s−1).

Using the definition of δζ we obtain that as long as the constraint is valid and that u(s) = u0 we have

δu = −μ−1
0 (∇u)δζ, (2.3a)

0 = ∇ · δζ. (2.3b)

Let M be defined as the objective function in (1.2) then it can be shown that

δM =
Z

Ω
u ·δζdx. (2.4)

In the the original paper [12], it is suggested to use the Helmholtz decomposition in order to obtain a

descent direction. Here we employ a different approach. First, we note that the divergence constraint can

be eliminated by selecting δζ = ∇× δη, and thus to reduce M we need to obtain a direction that yields a

negative δM, that is we seek a direction, δη such that δM =
R

Ω u ·∇× δηdx < 0. Using the Gauss theorem,

we obtain that Z
Ω

u ·∇× δηdx =
Z

Ω
∇× u ·δηdx+

Z
∂Ω

(u · (δη×�n)dx
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and therefore the steepest descent direction is given by

δη = ∇× u, δη ∈ Ω; δη×�n = 0, δη ∈ ∂Ω
which leads to the update δζ = ∇× ∇× u, and finally to the steepest descent direction in u
δu = − 1

μ0
(∇u)∇× ∇× u or, in symmetric form

μ0(∇u)−1δu = −∇× ∇× u. (2.5)

The operator −∇× ∇× is negative and elliptic thus, the equation can be thought of as a parabolic PDE as

long as real part of the eigenvalues of ∇u are positive. Using the above decomposition a family of different

directions may be obtained. Note that in order to reduce the objective
R

Ω ∇× u ·ηdx any vector field of the

form δη = A∇× u can be used where A is a symmetric positive definite matrix. For example, a choice that

leads to a similar method to the one derived in the original paper [12] in 2D is A =−Δ−1, which leads to the

update

μ0(∇u)−1δu = ∇× Δ−1∇× u. (2.6)

Using the above calculation it is easy to see that the flow (2.6) is valid also in 3D. Moreover, it is easy

to verify that given a smooth u the second formulation (2.6) leads to a more stable method that should

converge faster compared with the first formulation (2.5), because the operator ∇× Δ−1∇× is compact

while the ∇× ∇× operator is unbounded. In this work, we therefore derive a numerical method for (2.6)

rather than for (2.5).

3 Deriving an efficient numerical method

In this section, we derive an efficient numerical method for the solution of the flow. The proposed method

has three main components: a conservative discretization of differential operators, a criterion to choose step

size, and a method to correct steps that deviate from the mass preservation constraint.

3.1 Conservative discretization

The applications we have in mind derive from medical imaging where images are discretized on a regular

grid. We therefore construct our discretization based on a finite volume/difference approach. To derive and

analyze our discretization we introduce a new variable δp = Δ−1∇× u and rewrite (2.6) as(
μ0(∇u)−1 ∇×

0 Δ

)(
δu
δp

)
=

(
0

∇× u

)
. (3.7)

In order for the discrete system to be well posed we need consistent discretizations for Δ, ∇u and ∇× u.

There are a number of possible discretizations that lead to a well-posed system.

We divide Ω into n1 × . . .×nd cells, each of size h1 × . . .×hd where d is the dimension of the problem. We

discretize all the components of u at the nodes of each cell to obtain d grid functions û1, . . . ûd . Since δp is

connected to u by the curl operator, we employ a staggered grid and place δp at cell centers. To approximate

∇u at each node, we use long differences. Thus, in 3D, the discretized (1,1) block in (3.7) is a matrix of the

form

(∇hû) =
1

h

⎛⎝diag(D1û1) diag(D2û1) diag(D3û1)
diag(D1û2) diag(D2û2) diag(D3û2)
diag(D1û3) diag(D2û3) diag(D3û3)

⎞⎠ , (3.8)
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where D j is a matrix of long differences in the jth direction. To obtain a consistent discretization of the

Laplacian we use a standard discretization (5 point stencil in 2D and 7 point stencil in 3D) with Dirichlet

boundary conditions. Finally, we employ short differences in one direction averaged in the other direction

to obtain a cell centered approximation of ∇× u.

3.2 Computation of a step

The computation of each step requires two parts. Firstly, the solution of (3.7) and secondly, a way to

determine if it is an acceptable step. The solution of the system (3.7) is straightforward. Any fast Poisson

solver can be used for the task. Here we have used a standard multigrid method with weighted Jacobi

smoothing, bilinear prolongation and its adjoint as a restriction.

The validity of the update is determined using the following procedure. Assume that at iteration n we have

ûn as an approximation to u and that we computed δû. The update is then performed using,

ûn+1 = P (ûn +αδû), (3.9)

where P is an orthogonal projection discussed in Section 3.3 below, that projects ûn + αδû into the mass

preserving manifold. The step size α is then chosen such that the objective function is decreased and that

the real part of the eigenvalues of (∇hû) is positive. The whole algorithm is outlined Algorithm 1.

Algorithm 1 Solution of OMT:

û ← OMTsol(μ0,μ1);
Use μ0 and μ1 to compute a mass preserving u0

while true do
Solve (3.7) for δû
line search: set α = 1

while true do
ûn+1 = P (ûn +αδû)
if ‖ûn+1 − x‖μ0

< ‖ûn − x‖μ0
and Re(λ(∇hun+1)) > 0 then

Break

end if
α ⇐= α/2

end while
end while

3.3 Orthogonal projection into the mass preserving constraint

Assume that we have computed a mass preserving mapping ûn, and that we have updated it to obtain vn =
ûn +αδû. It should be noted that an infinitesimal δû does not guarantee mass preservation. Furthermore, we

aim to take large steps in δû, and therefore the MP constraint is likely to be invalid. To correct for this we

use orthogonal projections. The goal is to compute a vector field δv such that c(v+δv) = 0. Obviously, δv
is non-unique and therefore we seek a minimum norm solution that is we seek δv such that

min
v

1

2
‖δv‖2

μ0
subject to c(δv) = μ0(v+δv) det(∇(v+δv))−μ1 = 0.

It is easy to verify that a correction for δv can be obtained by solving the system δv ≈ c�v (cvc�v )−1c(v). The

system cvc�c can be thought as an elliptic system of equations. The system is solved using preconditioned

conjugate gradient with an incomplete Cholesky preconditioner.
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4 Registration of Brain Data

Our goal is the identification of cortical structures by mapping a publicly available atlas[14] to the scan of

a patient. In our scenario, the scanning sequence of the atlas is very different from the one of the patient.

The MRI of the atlas is a spoiled gradient recalled image acquired on a 1.5-Tesla General Electric Signa

System (GE Medical Systems, Milwaukee) with 256x256x124 voxels and voxel dimension of 0.92 × 0.92

× 1.5 mm. The patient scan is a MPRAGE acquired on a Siemens 3T long bore machine using a 8 channel

head coil. The resolution of the scan is 256 × 256 × 144 with voxel dimension 0.54 × 0.54 × 1.0 mm (See

Figure 1(b).

(a) B-Spline (b) Patient Scan (c) Mass Transport (d) Difference ((b)-(c))

Figure 1: Registration results.

The parcellation of the cortex can be encoded by partitioning the boundary between cortex and white matter

into anatomical regions [9]. The label map of cortical structures can then be inferred from this partition by

propagating the labeling along the boundary to the entire cortex. The pipeline described below will apply

this concept for the parcellation of the cortex to the high resolution scan.

The input of the pipeline consist of the atlas, the high resolution scan as well as a segmentation of the scan

into the major tissue classes. In the first step, we coarsely align the atlas to the image data using the B-

spline implementation by Rohlfinger[19] with a final spacing of the grid nodes of 2.5 mm. This results in

a coarse alignment of the scans. The algorithm has difficulties in mapping the folds of the white matter

due to the inherent constraints of the B-spline representation. We then reduce the atlas to the white matter

including the parcellation of the cortex along the boundary between gray and white matter (see Figure 1(a)).

Afterwards, we refine the alignment of this new atlas to the white matter of the high resolution scan using

our Optimal Mass Transport registration approach. Registration using Optimal Mass Transport is a highly

flexible approach that is, unlike B-Splines, not constrained to a set of control points. The intensities in the

two input datasets are first normalized and rescaled to make sure that both have the same total mass. The
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Figure 2: Deformed Grid on white matter Slices (left) and 3D volume (right).

white matter registration with the proposed algorithm took just 12 iterations to converge with 2 iterations of

the projection to constraint per iteration. This is a huge improvement over algorithm proposed in [12] where

thousands of iterations were required for convergence with roughly the same computational complexity per

iteration. The ∇× u (convergence metric) was reduced to an order of 10−3 indicating an optimal map.

Figure 1(c) shows the resampled images with 3D views of the corresponding deformation grid in Figure 2.

The difference (Figure 1(d)) between target (Figure 1(b)) and resampled image indicates that our approach

accurately aligned the folds. After this local alignment, the folds of the atlas should perfectly align with

Figure 3: Parecellation results

the ones of the high resolution scan. The parcellation of the folds of the atlas, therefore, also encodes the

parcellation of the same region in the high resolution scan. We then complete the cortex parcellation of

the high resolution scan by confining the Voronoi diagram of the aligned atlas to the gray matter mask of

the high resolution scan. The results in Figure 3 show the corresponding segmentation when applying the

deformation map of the B-Spline registration and our approach to the the label map of [14], and propagating

the labels to the cortex via the Voronoi diagram.

We are aware of the variety of other methods for registering and segmenting cortical structures. We also

note that our segmentation results are by no means perfect. However, to the best of our knowledge, this
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is the first time in medical imaging that a parameter-free registration tool has been used for registering the

cortical folds of 3D MRIs.

5 Conclusions

The difficulties of aligning cortical folds is reflected by the large body of literature discussing this topic.

Registration approaches based on continuum and fluid mechanics are often applied to this problem. How-

ever, the accuracy of these approaches generally depends on how well they are tuned to the sequence of

patient scan. We view Optimal Mass Transport (OMT) as part of these types of registration approaches.

Unlike the current state of the art, OMT is parameter free. It is, therefore, especially suited to align new

acquisition sequences, which the other methods have not yet been tuned to.

In this paper we presented an efficient variational methodology for the computation of the optimal L2 mass

transport mapping based on the formulation of [12]. Although, the theory was rigorous in [12], the proposed

numerics were problematic. All of these problems have been addressed in our approach. This has lead to

an efficient robust elastic deformation algorithm which is guaranteed to converge to the optimal solution of

the Monge-Kantorovich problem. We applied the approach to register the white matter between two MRI

datasets. We then use the results to resample the label map of the source providing us with a parcellation

of the cortex of the target image. We note that the approach is applicable to a whole range of registration

and image morphing problems where the mass preservation constraint makes sense. Based on deriving this

numerical framework, we are quite sure that in the near future we will be able to provide cases in which

we show superior performance to other well established tools in the community. Finally, the set-up can be

extended directly to optimal transport on a manifold as in [4].
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2.2 Simulation of the cardiac electrophysiology
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2.3 Simulation of the myocardium contraction
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� �������������
 td ≤ t < tr

σC(tr)ekRS(tr−t) �
��
� �������������
 tr ≤ t < td + HP 9�:

$���� tr = td + APD �� ��� �������������
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G�� X = (Y, EY )T � ,��
< X �� ��� ����� (�	��� �� ��� �����$�
� ��
���	�� ������!{ EX = AX + R(u,θ)
X(7) = X7
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)
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)
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3 Mesh Creation and Model Initialisation

3.1 Mesh Creation
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3.2 Model Initialisation
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4 Coupling Model and Data: Methodology
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4.1 Metrics for comparing simulated and observed cardiac motion
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4.3 Data assimilation approach

*�$��� ���$ �
 ��� �����$�
� ���� ���� ��
��������
 �� �
���� 	�
 �� ������� �� � ���� �����������
 ������	��
,�� ����������� �� ���� ���� �����������
 �� ����	��� �
������ ���� @-A� �
 ���� ������	�< �$� ����� ��� ��#�

�
�� �		�

�! ��� ���	�����	��
�	�� ����� ���	����� �� /C
����
 % $��� �
�
�� 	�
�����
� �
 ��� ���	���	��
	����
� �
� �������
� �;���
�� �����< �
� ��� �(������� �����(����
�� *� ���
�� ���� ��� ���������� �� ���
����� ��� #
�$
< 

��#� ��� �
����� �������
 	�
�����
 X7 �
 $��	� $� ��#� �
 ����� �� ξX 9X(7) = X7+ξX :�

8 
�$ ��
���	�� ������ 	����� state observer ��#�� �� �
�
�� ��� ���	���	�� 	����
� �
� ��� ����� ����
�
� ���
�
� ��� estimated state< $�����
 �� KX $��	� ���
�� 	�
(���� �� ��� true state X � �
 	�����	�� ����
�����������
 ������	�< ��� observation Z 9����
���: 	�
 �� ����	��� 	���
��� ���� ��� ��
� ����� X < ���
#�
�� �
 observation operator H �
	� ���� Z = H X � ,��
< ��� �����(����
� 	���
��� ���� ��� ��������
����� 9 KZ = H KX: ��� 	������� �� ��� ����
��� �����(����
� 9Z: �
� ��� �������
	� ( KZ −Z) 	����� innovation
�� ��#�
 �
�� �		�

� �
 ��� ���� �����(�� ��
���	��

�
 �
� 	���< �� $� 
��� Z ��� ����� ���� �
���	��< $� 
� ��
��� ��(� Z = H X ��
	� $��� 	�
� �)�< $�
	�

�� ���	# �
� �������� ���
�� �
��
� � 	�����	 	�	��� �
�����< $� 	�
 	������ ��� �$� �
���	�� X �
� Z
����
�� � �����
	� ��� $��	� 	�
 �� �������5�� �� H(X ,Z) = 7� ,�� �����(����
 �������� �� ��#�
 �� ���
������
� �� ��� �C
��� �����
	� ���$��
 ��� �$� �
���	�� H(X ,Z) = ∇d (Z,X) = 7

42

Cardiac Motion Recovery by Coupling an Electromechanical Model and Cine-MRI Data: First Steps 



,�� ��������� ����� KX ���� 
�� ���	� �����	��� $��� ��� �����(����
< �
� ��������� ��� ����� ���$��
 ���
��������� ����� �
� ��� ��
� ����� 	�
 �� C
�
��� �� $��� ∇d (Z, KX) =  d(Z, KX)∇d(Z, KX)� "��� ���� ∇d (Z, KX)
�� � (�	��� �� ��� ���� ��5� �� X �
� ��� (���	��� 	����
�
�� �
� ��� 	����
�
�� $��	� 	�������
� ��
���
�� ���� ��� 
�� �
 �
��	����
� �
���	�� ��� 7� '�� ���
�� �
 ��� �
��	����
�< ∇d (Z, KX) ≡  di∇di
$���� di = ‖ KYi −Y img

i ‖� '
���������< �� ��� 
����
 �� � �����
	� ���< ∇di = �Ni $���� �Ni �� ��� 
����� ��
��� ����� ���� �� ���
� KYi� ,��
< ��� �
��� ����� �����(�� ��!{

EKX = A KX + R(u,θ)+ Kd∇d (Z, KX)
KX(7) = X7

9-:

$��� Kd ��� ���
 ����	����� $��� ��� ����� *� 	�
 ��� ���� $��� � ���� ���
< ��� ��������� ����� $��� ���� ����
�
 ����� ���� �
��������
 ���
 �
 ��� ���	�����	��
�	�� ������ ��
(������< $��� 
� ���
< ��� �����(�� ��

�� ��#� �
�� �		�

� ��� ���� �
� �� �C
�(���
� �� ��� ���	�����	��
�	�� ������ ,�
�< ��� 	���	� �� ���
���
 Kd ����
�� �
 ��� ������(� 	�
� ��
	� �
 ��� ����� �
� ��� �����

�� �� �� ���� �
������ �� �
����� ��� ����� ���$��
 ��� ��������� ����� KX �
� ��� ��
� ����� X �
 ����� �� 	�����
��� ���
� *��� � ������ 	���	� �� ��� ���
< ��� ����� ���
�� 	�
(���� ��$���� 5���� *� $���� ��� �����
��
���	� �� �
����	��
� ��� ����� 9�C
����
 %: ���� ��� �����(�� 9�C
����
 -:!{ EJX = A JX + Kd∇d (Z, KX)

JX(7) = ξX
93:

8���� ��
������
� ��� ���� �
� ���
��
� ���� ��� ��������� ����� KX �� 	���� �� X !

∇d (Z,X) = ∇d (Z, KX)+ Hd( KX)(X − KX) 96:

$���� Hd( KX) � �����; n×n $���� n �� ��� ��5� �� ��� ����� (�	��� X � ��� 	����
�
�� 	�������
��
� �� ���
��
�
 �
��	����
� �
���	�� ��� ��� %×% ������
 �����; �� ��� �C
���� �����
	� di �
� ��� 

�� �����$���� 0�
	�
��� ���� ����� X �� �
������ �� 	��
	��� $��� ��� �������
 �
� ��� ��(���
� �� ��� ������
� ��

������ �

��� ����� Z< ���
 ∇d (Z,X) = 7� ,�� ����� ��
���	� ��!{ EJX = (A + KdHd) JX

JX(7) = ξX
9�7:

8 ���
�� �� ��� 	�
���� ������ ���$� ���� ���� ����� 	�
(����� �� 7 �� ��� ����
(��
�� �� (A + KdHd) �����;
��(� 
�����(� ���� ������ ,��� ���(���� � 	�������
 ��� ����	��
� ��� ���
 �����; Kd�

�
 ���	��	�< $� 	����� ��� ���
 Kd �� �
 @-A ! Kd = γM−�HT
d � �
����< �� $� ��	������ ��� ����� ��
���	�<

$� ��(�!

M FJY +C EJY +(K + γHT
d Hd) JY = 7 9��:

,�������� $��� ���� 	���	� �� Kd < ��� �����
��� �� ��� ����� ��
���	� �� �
	������� �� ������� �
 �
	����� ��
��� ���C
�
	� �
� ��� �����
� �� ��� ����
�����< �
� ��������� � ������ 	�
(����
	� ��$��� 5���� ����
$� ��� ��� �������
	� ���$��
 ���� � �����
� ������ �
� D����
 � �����
� ������� �
	� �� ��� �
� ��������
�
 @�3A� ,�� ���
 Kd �� 
�� ��� D����
 ���
< �� ���� ��� ���
�� �� ��� � ���� �� 
�� ��� ������� ���
�� �
 �
���	�����	 $��< �
� Kd �� 	����
 �
 ����� �� �
�
�� ��� 	�
(����
	� �� ��� ����� JX ��$��� 5���� 8����
�� $�
�� 
�� �
�
�� �
 ������� ���
��< $� �(��� �� 	���
�� ��� �
(���� �� � 	����
����
 �� 	�(����
	� �����	��<
��
� �����
� �� � �
	� ������ � ���� ���
 ��� D����
 ������	��

*� 
�� ��� ��
���� �����	�� �	���� �� �
������� �C
����
 -� 0�
	� ��� ����� ���� �� ���� ���� �����	��<
��� ��
�������� �����
��� �����; ���� �� �
(��(�� �
 ��� ��
��� ������ �� �C
����
� ���
�� 	��
�� �� ��	�
���� ���� ��
	� ��� �����; Hd ����
�� �
 ��� �������
 �� �
��	����
� (����	�� Yi� ��$�(��< �������
� ���
��
�������� �����
��� �����; �� ��	� ���� ���� ������� ���� � ������#� ��	���������
 �� � ���	�
�����
�
�
�
�� �� ��������� �� ��	� ��������
 $��	� �� 	���
�����
���� (��� �;��
��(�� 0�
	� ��� �����
��� �����; K ��

43

Billet F; Sermesant M; Delingette H; Ayache N



	�
���
�< $� 	���� �� �������� ��� ���� γHT
d Hd KYt+dt 

����	����< �� � ��� 	���
��
� ��� �������
 KYt+dt �� ��

����� $��� 
� ����� ���	�� �
� ���
 �
�������
� �� �� γHT
d Hd� ,��� ���(�� �� �� � ������ ��� 	��
� ������	�

��
	� ��� ���	�
�����
�
� �� ��� ��
�������� �����
��� �����; �� �
�� ��
� �
	�� ,��� ���� ��(�� ������ ���
���
���
 � ����������	�� �	���� $���� ����� ���	�� ��� ��������� �;���	�����

'�
����< �
� ���
�� 
��� ���� �Ni �� �
 ����
(�	��� �� ��� ������
 �����; �� ��� �����
	� ��� di $��� ����
�
(��
� �� ,��������< $��
 
��
� ��� ���
 �����; �� Kd = γM−�HT

d < ��� ��
���	 ��$ �� ��� ����� �����(�� ��
��(�
 �� !

M FKY +C EKY + K KY = FPV + FC + FB + γHT
d ∇d (Z, KX) = FPV + FC + FB +

⎛⎜⎜⎝
���

 γd(Z,Yi)�Ni
���

⎞⎟⎟⎠ 9� :

,��� 	�������
�� �;�	��� �� ��� ����
�����
 $� �����
�� $��� ��� ���������� ����� ������	��

5 Results

5.1 Validation with synthetic data
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Abstract

Nonlinear finite element methods are described in which cyclic organ motion is implied from 4D scan

data. The equations of motion corresponding to an explicit integration of the total Lagrangian formula-

tion are reversed, such that the sequence of node forces which produces known changes in displacement

is recovered. The forces are resolved from the global coordinate system into systems local to each ele-

ment, and at every simulation time step are expressed as weighted sums of edge vectors. In the presence

of large deformations and rotations, this facilitates the combination of external forces, such as tool-tissue

interactions, and also positional constraints. Applications in the areas of surgery simulation and mini-

mally invasive robotic interventions are discussed, and the methods are illustrated using CT images of a

pneumatically-operated beating heart phantom.

1 Introduction

The future of minimally invasive robotic surgery lies not only in the mechanical evolution of better tele-

manipulator systems, but also in the development of advanced software tools that facilitate surgical train-

ing, patient-specific intraoperative rehearsal, and the seamless integration of preoperative and intraoperative

imaging, of various modalities, through augmented reality techniques. The image-constrained biomechani-

cal modelling (ICBM) approach is a key technology which promises to realise the goal of allowing surgeons

to alternate between full surgical simulation, endoscopic views enhanced in real-time through the same sim-

ulation constrained by imaging data, and completion of the intervention itself. To that end, this paper extends

previous work [6] by showing how intrinsic cyclic tissue motion can be inferred from 4D scan data and com-

bined with externally induced motion and other constraints using a nonlinear finite element model. Taking

known changes in node displacements over time, the finite element model inverted such that the sequence

of node forces responsible for the motion can be recovered. These forces are then resolved from the global

coordinate system into systems local to each element, thereby expressing them in terms of local geometry.

That way, in the presence of large deformations and rotations, external forces and other constraints can be

combined when forward simulation is performed.

Accurate modelling of soft tissue deformation represents a significant challenge, since the constitutive be-

haviour of such tissue is known to be both nonlinear and time-varying, and the assumptions made in linear,
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small-strain formulations are not valid, particularly when considering large deformations. Miller et al. [5]

present the total Lagrangian explicit dynamics (TLED) algorithm, which offers the possibility of accurate

simulation at interactive rates. In contrast to the updated Lagrangian finite element formulation, the total
Lagrangian formulation [1, 10] expresses stress and strain measures in terms of the reference configuration,

and thus many quantities can be either completely or partially precomputed. Furthermore, an explicit inte-

gration scheme coupled with element and node-wise storage enable efficient implementation, particularly

when GPU hardware [9] is employed. Several inverse finite element simulations have been described in the

literature where deformations are known a priori. In particular, Kruggel and Tittgemeyer [4] use an inverse

finite element model of linear elasticity to derive a force field given an observed deformation of the brain.

Kauer [3] also uses an inverse model to calibrate the properties of a visco-elastic material given experimental

pressure data and resulting tissue deformations.

2 Methods

The tetrahedral finite element mesh comprises N nodes, and therefore has at most 3N degrees of freedom.

In general, the equations of motion are expressed in terms of the 3N displacements from the initial mesh

configuration, i.e. U = [u0 u1 . . . u3N−1]�, and following the notation of Bathe [1], are written using the total

Lagrangian formulation (in semi-discrete form) as

M tÜ+C tU̇+t
0F = tR (1)

where tU̇ and tÜ are the velocity and acceleration vectors, respectively, M is the mass matrix, C is the

damping matrix, t
0F is the vector of nodal reaction forces equivalent to the element stresses, and tR is the

vector of externally applied, time-varying forces. The damping matrix is assumed to be proportional to the

mass matrix, i.e. C = αM, where α is the damping coefficient. The mass matrix is assumed to be constant,

and is diagonalised to facilitate explicit integration.

2.1 Nodal Reaction Forces

In the total Lagrangian formulation of the finite element method, quantities are expressed in terms of the

reference configuration. Considering an individual element i, the nodal reaction forces are computed as an

integral over the element volume, as follows

t
0F(i) =

Z
0V (i)

t
0B�

L
t
0Ŝ d 0V (2)

where t
0BL is the full strain-displacement matrix and t

0Ŝ is the vector of 2nd Piola-Kirchoff stresses. The latter

depend on the element deformation and the choice of material constitutive law. For an assemblage of ele-

ments, the nodal reaction forces are accumulated in accordance with the mesh’s element-node relationships.

2.2 Explicit Central Difference Integration

The motion from which forces are to be inferred is assumed to be cyclic, spanning a period of T seconds.

Successor and predecessor functions of time t are defined, using time step duration Δt, as follows.

next(t) =
{

t +Δt if t < T −Δt
0 otherwise

prev(t) =
{

t −Δt if t > 0

T −Δt otherwise
(3)
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From these definitions, the central finite-difference approximations to the first and second-order time deriva-

tives of the displacement vector yield the following expressions for velocity and acceleration.

tU̇ ≈ 1
2Δt

[
next(t)U− prev(t)U

]
tÜ ≈ 1

Δt2

[
next(t)U−2tU+ prev(t)U

]
(4)

Thus, over a single cycle, the fully discretised equations of motion take the form shown in (5). Note that

the nodal reaction forces must be calculated at every time step. At the expense of some restriction on time

step magnitude, the explicit scheme avoids the iterative solution of the displacements at the next time step,

which would otherwise be extremely computationally expensive.

next(t)U ≈ 2

2+αΔt

[
Δt2

M
(tR−t

0F)+2tU− (
αΔt

2
−1) prev(t)U

]
(5)

Over multiple cycles, this displacement update rule is extended in the conventional manner.

2.3 Recovering Forces from Displacements

By inverting equation (5), one can write the discretised applied force in terms of the displacement, velocity

and acceleration vectors, the nodal reaction forces, and other known quantities. By construction, if one were

then to solve the equations of motion and apply these forces at the appropriate times, one would recover the

original cyclic motion exactly and indefinitely. Note that the recovered forces are expressed in the global

coordinate system.

The force recovery process, and therefore also the forward simulation, are initialised by precomputing

the spatial derivatives of element shape functions, the element Jacobian determinants, constant strain-

displacement matrices t
0BL0, and the diagonalised mass matrix. Furthermore, deformation gradient tensors

can be factorised into two parts, depending on global node positions and displacements, respectively, and

the former can also be precomputed for efficiency. Subsequently, the following two-stage calculation is

performed at each simulation time step.

For each integration point in each element:

• Calculate deformation gradient tensor t
0X

• Calculate strain-displacement matrix t
0BL =t

0 BL0
t
0X�

• Calculate 2nd Piola-Kirchoff stress vector t
0Ŝ

• Accumulate element nodal reaction forces t
0F(i) to give node totals t

0F

For each node:

• Invert displacement update step to recover external node force:

tR ≈ M
Δt2

[
(1+

αΔt
2

)next(t)U−2tU+(1− αΔt
2

)prev(t)U
]

+t
0F (6)
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For forward simulation, the node-wise update stage is replaced by the following:

• Determine external forces to be applied to each node (e.g. due to virtual tool-tissue interaction)

• Add to the recovered forces and use equation (5) to update displacements

• Apply displacement constraints (e.g. anchor points)

2.4 Local Force Resolution

In order to combine recovered and external forces, the former must be expressed not in the global coordi-

nate system, but for each node in terms of its local surrounding geometry. With the introduction of external

forces, the geometry may deviate from the original cyclic motion through potentially large-scale deforma-

tions and rotations. By resolving recovered forces locally, they are made to act in the appropriate direction

in conjunction with externally induced motion.

The recovered force acting on a particular node in the mesh is assumed to originate from the elements which

contain that node. Indeed, an approximation is made whereby the force receives an equal contribution from

each such element. For a given element at each point in time, the edge vectors from the node in question

to the other three nodes in that element define a local basis in terms of which that element’s fraction of the

node force can be expressed. This amounts to equating the force to a weighted sum of those edge vectors

and solving for the weights. Subsequently, the weights are further computed over the node’s other parent

elements, ultimately building a set of weights that links all the recovered forces locally to the geometry of

the entire mesh.

Figure 1: Force resolution using local geometry

Labelled with coordinate indices j, figure 1 (left) depicts at time t a typical node k with its recovered force
t r jk, and the five surrounding elements e0, ...,e4 to which it belongs. In general, a node will be common to

Mk elements. Figure 1 (right) illustrates the first element e0, and the three edge vectors tb j0, tb j1 and tb j2

which, with the node itself, define the geometry of the element at that instant. In order to express the required

fraction of the force in terms of local mesh geometry, its components in the global coordinate system are

equated to weighted combinations of these edge vectors, as shown in (7).
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The weights are determined by direct inversion of the left-hand-side matrix. This process is repeated for

the element’s other three nodes, and subsequently over all nodes in the mesh. In order to ensure that the

magnitudes of the recovered forces, expressed as functions of current element edge vectors, remain within

reasonable bounds and do not give rise to simulation instability, recovered forces are normalised at each

time step to have the same magnitude as those implied from the original motion where no externally applied

forces are present.

⎡⎣ tb00
tb01

tb02
tb10

tb11
tb12

tb20
tb21

tb22

⎤⎦⎡⎣ tw0
tw1
tw2

⎤⎦ =
1

Mk

⎡⎣ t r0k
tr1k
tr2k

⎤⎦ (7)

3 Results

The force recovery and resolution techniques are illustrated using data taken from scans of a beating heart

phantom, using an isotropic, hyperelastic neo-Hookean tissue model. The Chamberlain Group CABG phan-

tom, illustrated in figure 2 (left), was scanned at 54 bpm with a Philips 64-slice CT scanner, producing 10

uniformly-spaced phases. The first of these was manually segmented and converted into a tetrahedral mesh

using the SimBio-Vgrid [2] mesh generator. Figure 2 (right) shows the interaction between the resulting

mesh and a virtual tool. The Image Registration Toolkit [7, 8] was used to create a sequence of 3D ten-

sor product cubic B-spline deformations, mapping the initial mesh onto each phase in turn. Cyclic cubic

B-splines, defined using 6 uniformly spaced knots, were then used to interpolate mesh node positions over

time. The material constitutive law is given as a strain energy density in equation (8), from which [10] the

2nd Piola-Kirchoff stress tensor elements Si j can be derived. Here, Ci j is the right Cauchy-Green deformation

tensor, I and J are its first and third invariants, respectively, and λ and μ are Lamé constants, defined in terms

of Young’s modulus E and Poisson’s ratio ν.

W (I,J) =
1

2
μ(I −3−2lnJ)+

1

2
λ(J−1)2 (8)

Si j = μ(δi j −C−1
i j )+λJ(J−1)C−1

i j (9)

Figure 2: Beating heart phantom and tetrahedral FEM mesh with virtual tool
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The following constants were used in all the simulations: Young’s modulus E = 3.0E + 03Pa; Poisson’s

ratio ν = 0.45; material density ρ = 1.0E + 03kg/m3; and mass damping coefficient α = 7.5E+01. Thus,

λ ≈ 9.31E + 03Pa and μ ≈ 1.03E + 03Pa. The equations of motion were integrated using a time step of

Δt = 0.001 seconds.

Figure 3 shows the motion of a typical surface node as a result of applying recovered forces alone. Unlike

the heart phantom itself, several nodes in the base of the mesh are deliberately anchored, and hence it takes

a short period of time to converge to an exactly repeatable motion. Figures 4 and 5 show the individual

effects of displacement constraints simulating respiratory motion, and externally applied forces simulating

tool-tissue interaction, respectively. Finally, figure 6 illustrates how all three motions are combined by the

model. The underlying beating motion is apparent throughout the simulation.

Figure 3: Intrinsic motion

Figure 4: Respiratory motion
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Figure 5: Indentation motion

Figure 6: Combined intrinsic, respiratory and indentation motion

4 Conclusion

This paper describes a novel technique for constructing nonlinear finite element simulations with cyclical

motion recovered from 4D tomographic scan data, whereby external forces and positional constraints can be

combined to produce realistic composite behaviour. The technique has immediate applications in the field

of patient-specific surgery simulation, and will also form the basis of an image-constrained biomechanical

modelling approach to intraoperative image guidance. Future work includes validation of the technique

with real patient data, an efficient GPU implementation, anisotropic weighting during the force recovery

procedure, and the introduction of weight interpolation and scaling such that the frequency and intensity of

the cyclic motion can be modified.
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Abstract

We propose a new nonlinear image registration model which is based on nonlinear elastic regularization

and unbiased registration. The nonlinear elastic and the unbiased regularization terms are simplified

using the change of variables by introducing an unknown that approximates the Jacobian matrix of the

displacement field. This reduces the minimization to involve linear differential equations. In contrast to

recently proposed unbiased fluid registration method, the new model is written in a unified variational

form and is minimized using gradient descent. As a result, the new unbiased nonlinear elasticity model is

computationally more efficient and easier to implement than the unbiased fluid registration. The unbiased

large-deformation nonlinear elasticity method was tested using volumetric serial magnetic resonance

images and shown to have some advantages for medical imaging applications.
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1 Introduction

Given two images, the source and target, the goal of image registration is to find an optimal diffeomorphic

spatial transformation such that the deformed source image is aligned with the target image. In the case of

non-parametric registration methods (the class of methods we are interested in), the problem can be phrased

as a functional minimization problem whose unknown is the displacement vector field u. Usually, the

devised functional consists of a distance measure (intensity-based, correlation-based, mutual-information

based [11] or metric-structure-comparison based [10]) and a regularizer that guarantees smoothness of the

displacement vector field. Several regularizers have been investigated (see Part II of [11] for a review).

Generally, physical arguments motivate the selection of the regularizer. Among those currently used is the

linear elasticity smoother first introduced by Broit [2]. The objects to be registered are considered to be ob-

servations of the same elastic body at two different times, before and after being subjected to a deformation

as mentioned in [11]. The smoother, in this case, is the linearized elastic potential of the displacement vector

field. However, this model is unsuitable for problems involving large-magnitude deformations.

In [5], Christensen et al. proposed a viscous fluid model to overcome this issue. Given the force field f, the

deforming image is considered to be embedded in viscous fluid whose motion is governed by Navier-Stokes

equations for conservation of momentum:

μ�v(x, t)+(ν+μ)∇(∇ ·v(x, t)) = f(x,u(x, t)), (1)

v(x, t) = ut(x, t)+∇u(x, t) ·v(x, t). (2)

Here, equation (2), defining material derivative of the displacement field u, nonlinearly relates the velocity

v and displacement vector fields. Constants μ and ν are viscosity coefficients of a fluid.

One drawback of this method is the computational cost. Numerically, the image-derived force field

f(x,u(x, t)) is first computed at time t. Fixing the force field f, linear equation (1) is solved for v(x, t)
numerically using the successive over-relaxation (SOR) scheme. Then, an explicit Euler scheme is used to

advance u in time. Recent works [3, 14, 13] applied Riemannian nonlinear elasticity priors to deformation

velocity fields. These alternating frameworks, however, are time-consuming, which motivates the search

for faster implementations (see for instance [1] or [7] in which the instantaneous velocity v is obtained by

convolving f with a Gaussian kernel).

In this paper, we propose an alternative approach to fluid registration. The proposed model is derived

from a variational problem which is not in the form of a two-step algorithm and which can produce large-

magnitude deformations. For that purpose, a nonlinear elasticity smoother is introduced. As will be seen

later, the computation of the Euler-Lagrange equations in this case is cumbersome. We circumvent this

issue by introducing a second unknown, a matrix variable V , which approximates the Jacobian matrix of u.

The nonlinear elastic regularizer is now applied to V . The Euler-Lagrange equations are straightforwardly

derived and a gradient descent method is used.

Also, allowing large deformations to occur may yield non-diffeomorphic deformation mappings (at least at

the discrete level). In [5], Christensen et al. proposed a regridding technique that resamples the deforming

image and re-initializes the process once the value of the deformation Jacobian drops below a certain thresh-

old. In [8], Haber and Modersitzki introduced an elastic registration model subject to volume-preserving

constraints. To ensure that the transformation g(x) = x−u(x) is volume-preserving (that is, for any domain

Ω,
∫

Ω dx =
∫

g(Ω) dx), they proposed the following pointwise constraint: det(I −Du(x))−1 = 0. Pursuing

the same direction in [9], the authors introduced a minimization problem under inequality constraints on the

Jacobian.

Here we use an information-theoretic approach previously introduced in [16]. In [16], the authors considered
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a smooth deformation g that maps domain Ω bijectively onto itself. Consequently, g and g−1 are bijective

and globally volume-preserving. Probability density functions can thus be associated with the deformation

g and its inverse g−1. The authors then proposed to quantify the magnitude of the deformation by means

of the symmetric Kullback-Leibler distance between the probability density functions associated with the

deformation and the identity mapping. This distance, when rewritten using skew-symmetry properties, is

viewed as a cost function and is combined with the viscous fluid model for registration, which leads to

an unbiased fluid registration model. Unlike the unbiased fluid registration model, the unbiased nonlinear

elasticity method, introduced here, allows the functional to be written “in closed form”. The new model also

does not require expensive Navier-Stokes solver (or its approximation) at each step as previously mentioned.

2 Method

Let Ω be an open and bounded domain in R
3. Without loss of generality, we assume that the volume of Ω is

1, i.e. |Ω| = 1. Let I1, I2 : Ω → R be the two volumetric images to be registered. We seek the transformation

g : Ω → Ω that maps the source image I2 into correspondence with the target image I1. In this paper, we

will restrict this mapping to be differentiable, one-to-one, and onto. We denote the Jacobian matrix of a

deformation g to be Dg, with Jacobian denoted by |Dg(x)| = det(Dg(x)) (thus we will use the notation

|V | := det(V ) for any 3× 3 matrix V ). The displacement field u(x) from the position x in the deformed

image I2 ◦g(x) back to I2(x) is defined in terms of the deformation g(x) by the expression g(x) = x−u(x)
at every point x ∈ Ω. Thus, we consider the problems of finding g and u as equivalent.

In general, nonlinear image registration models may be formulated in a variational framework. The mini-

mization problems often define the energy functional E as a linear combination of an image matching term

F and a regularizing term R: infu{E(u) = F(u)+λ0R(u)}. Here, λ0 > 0 is a weighting parameter.

2.1 Registration metrics

In this paper, the matching functional F takes the form of the L2 norm (the sum of squared intensity differ-

ences), F = FL2 , and the mutual information, F = FMI .

L2-norm: The L2-norm matching functional is suitable when the images have been acquired through sim-

ilar sensors (with additive Gaussian noise) and thus are expected to present the same intensity range and

distribution. The L2 distance between the deformed image I2 ◦g(x) = I2(x−u(x)) and target image I1(x) is

defined as

FL2(u) =
1

2

∫
Ω

(
I2(x−u(x))− I1(x)

)2 dx. (3)

Mutual Information: Mutual information can be used to align images of different modalities, without

requiring knowledge of the relationship of the two registered images [6, 15]. Here, the intensity distributions

estimated from I1(x) and I2(x−u(x)) are denoted by pI1 and pI2
u , respectively, and an estimate of their joint

intensity distribution by pI1,I2
u . We let i1 = I1(x), i2 = I2(x−u(x)) denote intensity values at point x ∈ Ω.

Given the displacement field u, the mutual information computed from I1 and I2 is provided by

MII1,I2
u =

∫
R2

pI1,I2
u (i1, i2) log[pI1,I2

u (i1, i2)/(pI1(i1)pI2
u (i2))]di1di2.

We seek to maximize the mutual information between I2(x−u(x)) and I1(x), or equivalently, minimize the

negative of MII1,I2
u :

FMI(I1, I2,u) = −MII1,I2
u . (4)
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2.2 Nonlinear Elastic Regularization

The theory of elasticity is based on the notion of strain. Strain is defined as the amount of deformation an

object experiences compared to its original size and shape. In three spatial dimensions, the strain tensor,

E = [εi j] ∈ R
3×3, 1 ≤ i, j ≤ 3, is a symmetric tensor used to quantify the strain of an object undergoing a

deformation. The nonlinear strain is defined as

εi j(u) =
1

2

(
∂ jui +∂iu j +

3

∑
k=1

∂iuk∂ juk
)
,

with the nonlinear strain tensor matrix given by

E(u) =
1

2

(
Dut +Du+DutDu

)
. (5)

Stored energy (Saint Venant-Kirchhoff material) is defined as

W (E) =
ν
2
(trace(E))2 +μtrace(E2),

where ν and μ are Lamé elastic material constants. The regularization for nonlinear elasticity becomes

RE(u) =
∫

Ω
W (E(u))dx.

The regularization term RE(u) can be minimized with respect to u. However, since the regularization term

is written in terms of partial derivatives of components of u, the Euler-Lagrange equations become compli-

cated and are computationally expensive to minimize. Instead, following earlier theoretical work [12], we

minimize an approximate functional by introducing the matrix variable

V ≈ Du (6)

and thus consider a new form of nonlinear elasticity regularization functional

RE(u,V ) =
∫

Ω
W (V̂ )dx+

β
2

∫
Ω
||V −Du||2F dx, (7)

where V̂ =
1

2

(
Vt +V +V tV

)
, β is a positive constant, and || · ||F denotes the Frobenius norm. In the limit,

as β → +∞, we obtain V ≈ Du in the L2 topology.

2.3 Unbiased Registration Constraint

In [16], the authors proposed an unbiased fluid image registration approach. In this context, unbiased means

that the Jacobian determinants of the deformations recovered between a pair of images follow a log-normal

distribution, with zero mean after log-transformation. The authors argued that this distribution is beneficial

when recovering changes in regions of homogeneous intensity, and in ensuring symmetrical results when the

order of two images being registered is switched. As derived in [16] using information theory, the unbiased

regularization term is given as

RUB(u) =
∫

Ω

(|D(x−u(x))|−1
)

log |D(x−u(x))|dx. (8)

59

Yanovsky I; Le Guyader C; Leow A; Thompson P; Vese L



It is important to note that RUB generates inverse-consistent deformation maps. The inverse-consistent

property of the unbiased technique was shown in a validation study of the unbiased fluid registration methods

[17]. Also, to see why minimizing equation (8) leads to unbiased deformation in the logarithmic space,

we observe that the integrand is always non-negative, and only evaluates to zero when the deformation g is

volume-preserving everywhere (|Dg|= 1 everywhere). Thus, by treating it as a cost, we recover zero-change

by minimizing this cost when we compare images differing only in noise.

Given equation (6), we have Dg = I −Du ≈ I −V , where I is the 3× 3 identity matrix. Therefore, as in

subsection 2.2, to simplify the discretization, we introduce

RUB(V ) =
∫

Ω
(|I −V |−1) log |I −V |dx. (9)

Recall that here |I −V | = det(I −V ).

2.4 Unbiased Nonlinear Elasticity Registration

The total energy functional employed in this work, is given as a linear combination of the similarity measure

F (which is either FL2 from (3) or FMI from (4)), nonlinear elastic regularization RE in (7), and unbiased

regularization RUB in (9):

E(u,V ) = F(u)+RE(u,V )+λRUB(V ). (10)

The explicit weighting parameter is omitted in front of RE(u,V ), since this term is weighted by Lamé

constants ν and μ. We solve the Euler-Lagrange equations in u and V using the gradient descent method,

parameterizing the descent direction by an artificial time t,

∂u
∂t

= −∂uE(u,V ) = −∂uF(u)−∂uRE(u,V ), (11)

∂V
∂t

= −∂V E(u,V ) = −∂V RE(u,V )−λ∂V RUB(V ), (12)

which gives systems of three and nine equations, respectively. Explicit expressions for the gradients and

their discretizations are given in Section 3.

Remark: The regularization on the deformation g proposed in this work can be expressed in a gen-

eral form

R(g) =
∫

Ω
R1(Dg)dx+

∫
Ω

R2(|Dg|)dx,

with |Dg| := det(Dg). For the minimization, an auxiliary variable can also be introduced to simplify the

numerical calculations, removing the nonlinearity in the derivatives.

3 Implementation

3.1 The Energy Gradients

Computing the first variation of functional FL2 in (3) gives the following gradient: ∂uFL2(u) = −[I2(x−
u(x))− I1(x)]∇I2(x−u(x)).
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The gradient of (4) is given by ∂uFMI(u) = (1/|Ω|)[Qu ∗ ∂Gσ/∂ξ2](I1(x), I2(x − u))∇I2(x − u), where

Qu(i1, i2) = 1 + log[pI1,I2
u (i1, i2)/pI1(i1)pI2

u (i2)], and Gσ(ξ1,ξ2) is a two-dimensional Gaussian kernel, with

variance σ2, which is used to estimate the joint intensity distribution from I2(x−u) and I1(x).

Computing the first variation of functional RE(u,V ), in equation (7), with respect to u gives the following

components of the gradient ∂uRE(u,V ):

∂uk RE(u,V ) = β
(
∂1vk1 +∂2vk2 +∂3vk3 −�uk

)
, k = 1,2,3.

The first variation of RE(u,V ) with respect to V , with V = [vi j], gives ∂V RE(u,V ):

∂v11
RE(u,V ) = β(v11 −∂1u1)+νc1(1+ v11)+μ

(
c2(1+ v11)+ c5v12 + c6v13

)
,

∂v12
RE(u,V ) = β(v12 −∂2u1)+νc1v12 +μ

(
c3v12 + c5(1+ v11)+ c7v13

)
,

∂v13
RE(u,V ) = β(v13 −∂3u1)+νc1v13 +μ

(
c4v13 + c6(1+ v11)+ c7v12

)
,

∂v21
RE(u,V ) = β(v21 −∂1u2)+νc1v21 +μ

(
c2v21 + c5(1+ v22)+ c6v23

)
,

∂v22
RE(u,V ) = β(v22 −∂2u2)+νc1(1+ v22)+μ

(
c3(1+ v22)+ c5v21 + c7v23

)
,

∂v23
RE(u,V ) = β(v23 −∂3u2)+νc1v23 +μ

(
c4v23 + c6v21 + c7(1+ v22)

)
,

∂v31
RE(u,V ) = β(v31 −∂1u3)+νc1v31 +μ

(
c2v31 + c5v32 + c6(1+ v33)

)
,

∂v32
RE(u,V ) = β(v32 −∂2u3)+νc1v32 +μ

(
c3v32 + c5v31 + c7(1+ v33)

)
,

∂v33
RE(u,V ) = β(v33 −∂3u3)+νc1(1+ v33)+μ

(
c4(1+ v33)+ c6v31 + c7v32

)
,

where

c1 = v11 + v22 + v33 +
1

2

(
v2

11 + v2
21 + v2

31 + v2
12 + v2

22 + v2
32 + v2

13 + v2
23 + v2

33

)
,

c2 = 2v11 + v2
11 + v2

21 + v2
31, c5 = v21 + v12 + v11v12 + v21v22 + v31v32,

c3 = 2v22 + v2
12 + v2

22 + v2
32, c6 = v31 + v13 + v11v13 + v21v23 + v31v33,

c4 = 2v33 + v2
13 + v2

23 + v2
33, c7 = v32 + v23 + v12v13 + v22v23 + v32v33.

We can compute the first variation of (9), obtaining ∂V RUB(V ). We first simplify the notation, letting J =
|I −V |. Also, denote L(J) = (J−1) logJ. Hence, L′(J) = dL(J)/dJ = 1+ logJ−1/J. Thus,

∂v11
RUB(V ) = −(

(1− v22)(1− v33)− v32v23

)
L′(J),

∂v12
RUB(V ) = −(

v23v31 + v21(1− v33)
)
L′(J),

∂v13
RUB(V ) = −(

v21v32 +(1− v22)v31

)
L′(J),

∂v21
RUB(V ) = −(

v32v13 + v12(1− v33)
)
L′(J),

∂v22
RUB(V ) = −(

(1− v11)(1− v33)− v13v31

)
L′(J),

∂v23
RUB(V ) = −(

v12v31 + v32(1− v11)
)
L′(J),

∂v31
RUB(V ) = −(

v12v23 + v13(1− v22)
)
L′(J),

∂v32
RUB(V ) = −(

v21v13 + v23(1− v11)
)
L′(J),

∂v33
RUB(V ) = −(

(1− v11)(1− v22)− v12v21

)
L′(J).

3.2 Numerical Discretization

Let �x1, �x2, �x3 be the spacial steps, �t be the time step, and (x1i,x2 j,x3k) = (i�x1, j�x2,k�x3)
be the grid points, for 1 ≤ i ≤ M, 1 ≤ j ≤ N, 1 ≤ k ≤ P. For a function ϕ : Ω → R, let ϕn

i, j,k =
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ϕ(n�t, i�x1, j�x2,k�x3). We define the difference operators based on uniformly-spaced grid as

Dx1ϕn
i, j,k =

ϕn
i+1, j,k −ϕn

i−1, j,k

2�x1
, Dx1x1ϕn

i, j,k =
ϕn

i+1, j,k −2ϕn
i, j,k +ϕn

i−1, j,k

�x2
1

,

Dx2ϕn
i, j,k =

ϕn
i, j+1,k −ϕn

i, j−1,k

2�x2
, Dx2x2ϕn

i, j,k =
ϕn

i, j+1,k −2ϕn
i, j,k +ϕn

i, j−1,k

�x2
2

,

Dx3ϕn
i, j,k =

ϕn
i, j,k+1 −ϕn

i, j,k−1

2�x3
, Dx3x3ϕn

i, j,k =
ϕn

i, j,k+1 −2ϕn
i, j,k +ϕn

i, j,k−1

�x2
3

.

Below, we will use the following notations when it is obvious that the grid point at (i�x1, j�x2,k�x3) is

under consideration: ϕn := ϕn
i, j,k, Dxl ϕn := Dxl ϕn

i, j,k, Dxlxl ϕn := Dxlxl ϕn
i, j,k, l = 1,2,3.

To discretize equations (11) and (12), we use finite difference schemes. In order to restrict the maximum

displacement change per time step from being large, equation (11) is discretized using explicit scheme with

adaptive time-stepping at every point (i, j,k)

un+1
1 −un

1

�t
= −[

∂u1
F(un)

]−β
(
Dx1vn

11 +Dx2vn
12 +Dx3vn

13

)
+β

(
Dx1x1un

1 +Dx2x2un
1 +Dx3x3un

1

)
,

un+1
2 −un

2

�t
= −[

∂u2
F(un)

]−β
(
Dx1vn

21 +Dx2vn
22 +Dx3vn

23

)
+β

(
Dx1x1un

2 +Dx2x2un
2 +Dx3x3un

2

)
,

un+1
3 −un

3

�t
= −[

∂u3
F(un)

]−β
(
Dx1vn

31 +Dx2vn
32 +Dx3vn

33

)
+β

(
Dx1x1un

3 +Dx2x2un
3 +Dx3x3un

3

)
,

where [∂ul F(un)], l = 1,2,3, is a discretization of a similarity-based gradient. In our numerical experiments,

�x1 = �x2 = �x3 = 1, and �t is chosen so that the maximum displacement per iteration equals 0.1.

Equation (12) is discretized using semi-implicit scheme

vn+1
11 − vn

11

�t
= β(Dx1un

1 − vn+1
11 )−νc1(1+ vn

11)−μ
(
c2(1+ vn

11)+ c5vn
12 + c6vn

13

)
+ λ

(
(1− vn

22)(1− vn
33)− vn

32vn
23

)
L′(J),

vn+1
12 − vn

12

�t
= β(Dx2un

1 − vn+1
12 )−νc1vn

12 −μ
(
c3vn

12 + c5(1+ vn
11)+ c7vn

13

)
+λ

(
vn

23vn
31 + vn

21(1− vn
33)

)
L′(J),

vn+1
13 − vn

13

�t
= β(Dx3un

1 − vn+1
13 )−νc1vn

13 −μ
(
c4vn

13 + c6(1+ vn
11)+ c7vn

12

)
+λ

(
vn

21vn
32 +(1− vn

22)v
n
31

)
L′(J),

vn+1
21 − vn

21

�t
= β(Dx1un

2 − vn+1
21 )−νc1vn

21 −μ
(
c2vn

21 + c5(1+ vn
22)+ c6vn

23

)
+λ

(
vn

32vn
13 + vn

12(1− vn
33)

)
L′(J),

vn+1
22 − vn

22

�t
= β(Dx2un

2 − vn+1
22 )−νc1(1+ vn

22)−μ
(
c3(1+ vn

22)+ c5vn
21 + c7vn

23

)
+ λ

(
(1− vn

11)(1− vn
33)− vn

13vn
31

)
L′(J),

vn+1
23 − vn

23

�t
= β(Dx3un

2 − vn+1
23 )−νc1vn

23 −μ
(
c4vn

23 + c6vn
21 + c7(1+ vn

22)
)
+λ

(
vn

12vn
31 + vn

32(1− vn
11)

)
L′(J),

vn+1
31 − vn

31

�t
= β(Dx1un

3 − vn+1
31 )−νc1vn

31 −μ
(
c2vn

31 + c5vn
32 + c6(1+ vn

33)
)
+λ

(
vn

12vn
23 + vn

13(1− vn
22)

)
L′(J),

vn+1
32 − vn

32

�t
= β(Dx2un

3 − vn+1
32 )−νc1vn

32 −μ
(
c3vn

32 + c5vn
31 + c7(1+ vn

33)
)
+λ

(
vn

21vn
13 + vn

23(1− vn
11)

)
L′(J),

vn+1
33 − vn

33

�t
= β(Dx3un

3 − vn+1
33 )−νc1(1+ vn

33)−μ
(
c4(1+ vn

33)+ c6vn
31 + c7vn

32

)
+ λ

(
(1− vn

11)(1− vn
22)− vn

12vn
21

)
L′(J),

where L′(J) is defined as in Section 3.1.
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Volume I1

Volume I2

Figure 1: Serial MRI images from the ADNI follow-up dataset (images acquired one year apart) are shown.

Volumes I1 (row 1) and I2 (row 2) are depicted as a brain volume (column 1) and from sagittal (column 2),

axial (column 3), and coronal (column 4) views. Nonrigid registration aligns volume I2 into correspondence

with volume I1.

3.3 Algorithm

We are now ready to give the algorithm for the unbiased registration via nonlinear elastic regularization.

Algorithm 1 Unbiased Registration via Nonlinear Elastic Regularization

1: Initialize t = 0, u(x,0) = 0, and V (x,0) = 0.

2: Calculate V (x, t) using equation (12), where the equation is discretized using the semi-implicit method

described in Section 3.2.

Steps 3-5 describe the procedure for solving equation (11) advancing u(x, t) in time using the explicit

scheme. Numerical discretization is described in Section 3.2.

3: Calculate the perturbation of the displacement field R(x) = −∂Eu(u,V ).
4: Time step �t is calculated adaptively so that �t ·max(||R||2) = δu, where δu is the maximal displace-

ment allowed in one iteration. Results in this work are obtained with δu = 0.1.

5: Advance equation (11), i.e. ∂u(x, t)/∂t = R(x), in time, with time step from step 4, solving for u(x, t).
6: If the cost functional in (10) decreases by sufficiently small amount compared to the previous iteration,

then stop.

7: Let t := t +�t and go to step 2.

4 Results and Discussion

We tested the proposed unbiased nonlinear elastic registration model and compared the results to those

obtained with the unbiased fluid registration method [16], where the unbiased regularization constraint (8)

was coupled with the L2 matching functional (3) and fluid regularization (1), (2). Here, both methods were

coupled with the L2 and mutual information (MI) based similarity measures. In our experiments, we used a

pair of serial MRI images (220×220×220) from the Alzheimer’s Disease Neuroimaging Initiative (ADNI).

Since the images were acquired one year apart, from a subject with Alzheimer’s disease, real anatomical

changes are present, which allows methods to be compared in the presence of true biological changes.

In the tests performed using unbiased nonlinear elasticity coupled with L2 matching, values of β = 20000
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Unbiased Fluid Registration coupled with L2 Matching

Unbiased Nonlinear Elastic Registration coupled with L2 Matching

Unbiased Fluid Registration coupled with MI Matching

Unbiased Nonlinear Elastic Registration coupled with MI Matching

Figure 2: Nonrigid registration was performed on the Serial MRI images from the ADNI Follow-up dataset

using unbiased fluid registration and unbiased nonlinear elasticity registration, both coupled with L2 and MI

matching. Jacobian maps are superimposed on the target volume.

in equation (7) and λ = 2000 in equation (10) were chosen. For MI matching, β = 80 and λ = 8 were used.

The values of the Lamé coefficients were chosen to be equal, μ = ν, in all experiments. Bigger values of

μ and ν allow for more smoothing. For unbiased fluid registration model, described in [16], λ = 500 was

chosen for L2 matching, and λ = 5 for MI matching.

Figure 1 shows the images being registered and Figures 2 shows the resulting Jacobian maps. Results gen-

erated using the fluid and nonlinear elasticity based unbiased models are similar, both suggesting a mild

volume reduction in gray and white matter and ventricular enlargement that is observed in Alzheimer’s

disease patients. The advantages of the unbiased nonlinear elasticity model is its more locally plausible

reproduction of atrophic changes in the brain and its robustness to original misalignment of brain volumes,

which is especially noticeable on the brain surface. The unbiased nonlinear elasticity model coupled with

L2 matching generated very similar results to those obtained with the MI similarity measure, partly because

difference images typically contain only noise after registration. Unbiased fluid registration method, how-

ever, is more effective in modeling the regional neuroanatomical changes, showing more clearly which parts
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Unbiased models with L2 matching Unbiased models with MI matching

Fluid Nonl.Elasticity Fluid Nonl.Elasticity

Figure 3: Results obtained using unbiased fluid registration and unbiased nonlinear elasticity registration,

both coupled with L2 and MI matching. The generated grids are superimposed on top of 2D cross-sections

of the 3D volumes (row 1) and are shown separately (row 2).

of the volume have undergone largest tissue changes, such as ventricular enlargement as shown in Figure 2.

Figure 3 shows deformed grids generated with unbiased fluid and unbiased nonlinear elastic registration

models. Figure 4 shows the energy decrease per iteration for both models. Note that the unbiased fluid

registration minimizes the energy defined as E(u) = F(u)+λRUB(u).

In Figure 5, we examined the inverse consistency of the mappings [4] generated using unbiased nonlinear

elastic registration. Here, the deformation was computed in both directions (time 2 to time 1, and time 1

to time 2) using MI matching. The forward and backward Jacobian maps were concatenated (in an ideal

situation, this operation should yield the identity), with the products of Jacobians having values close to 1.

The unbiased nonlinear elasticity model does not require expensive Navier-Stokes solver (or its approxima-

tion), which is employed at each iteration for fluid flow models. Hence, unbiased nonlinear elasticity model

is more efficient than the unbiased fluid step. In our future studies, we will examine the registration accuracy

of the different models where ground truth is known, and will compare each model’s power for detecting

inter-group differences or statistical effects on rates of atrophy.
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Figure 4: Energy per iteration for the unbiased fluid registration and unbiased nonlinear elasticity registra-

tion, both coupled with L2 and MI matching.
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time 2 to time 1 time 1 to time 2 products of Jacobians

Figure 5: This figure examines the inverse consistency of the unbiased nonlinear elastic registration. Here,

the model is coupled with mutual information matching. Jacobian maps of deformations from time 2 to

time 1 (column 1) and time 1 to time 2 (column 2) are superimposed on the target volumes. The products of

Jacobian maps, shown in column 3, have values close to 1, suggesting inverse consistency.
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Abstract

Meaningful physical models are important for studying cardiac physiology, such as quantitative assess-

ments of pathology via changes in model parameters, and recovering information from medical images.

In order to achieve realistic deformation studies, an anatomically accurate cardiac model under the pro-

late spheroidal coordinate system has been proposed, which comprises the pole-zero constitutive law

characterized by 18 material parameters. Nevertheless, the large number of parameters and the compli-

cated mathematics under the curvilinear coordinate system make it difficult to implement and computa-

tionally expensive. In consequence, we propose a cardiac model under the cartesian coordinate system

comprising the Costa law, which is tailored for medical image analysis. The Costa law is characterized

by a strain energy function with only seven material parameters, but has been reported as the best among

the five tested well-known models in a comparative study, including the pole-zero law. In our frame-

work, the penalty method for material incompressibility is used to avoid introduction of extra variables.

Furthermore, we introduce a simple but novel boundary condition for enforcing cardiac specific bound-

ary displacements under the cartesian coordinate system. With the active stresses provided by cardiac

electromechanical models, and also the blood pressures acting as the natural boundary conditions on

the endocardial surfaces, the physiologically plausible active deformation of the heart can be simulated.

Experiments have been done on a cubical object to verify the correctness of the implementation, and also

on a canine heart architecture to show the physiological plausibility of the cardiac model.
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1 Introduction

Physiologically meaningful cardiac models are important for studying cardiac physiology, such as quanti-

tative assessments in pathology study via changes in model parameters, and recovering information from

medical images [7]. At the macroscopic level, an active cardiac deformation model comprises an electrical

propagation model, an electromechanical coupling model, and also a biomechanical model, among which

the biomechanical model plays the crucial role in archiving realistic deformation. In [10] and [13], a cardiac

electromechanical model has been introduced for image analysis and simulation. The model utilizes the

Mooney-Rivlin material model, which is an isotropic hyperelastic material model usually used to describe

the behavior of incompressible rubber like material [5]. With the implementation under the cartesian coor-

dinate system, this framework is relatively easy to implement and computationally efficient. Nevertheless,

according to biomechanical literatures [3, 4, 6], as well as nonlinear stress-strain relation and incompress-

ibility, the myocardial tissues are also locally orthotropic in nature because of their fibrous-sheet structures,

thus using an isotropic model will effect the physiological meaningfulness of the active cardiac deformation.

On the other hand, an anatomically accurate cardiac model was proposed in [9] with more realistic material

properties. This model comprises a nonlinear orthotropic pole-zero strain energy function characterized by

18 material parameters, which is implemented under the prolate spheroidal coordinate system so that the

heart geometry can be best expressed. In consequence, this model provides physiologically plausible defor-

mation. However, the large number of material parameters increases the difficulties of the derivation of the

elasticity tensor. Furthermore, some complicated mathematical terms which only appear in the curvilinear

coordinate system, such as the contravariant components, make this framework theoretically very hard to

implement and also computationally expensive. Moreover, the transformations between the local (carte-

sian), global (curvilinear), and element coordinate systems also impose large difficulties in implementation

and scalability, especially for image analysis where data are presented in the cartesian coordinate system.

In view of these problems, we introduce a cardiac model targeting for medical image analysis. It comprises

an orthotropic hyperelastic material model, and is implemented under the cartesian coordinate system, thus

it can be physiologically plausible yet relatively easy to implement. The Costa law is utilized as the biome-

chanical constitutive law, which consists a nonlinear strain energy function containing only seven material

parameters, but is reported as the best among the five tested well-known constitutive laws in a comparative

study, including the pole-zero law [2, 11]. The penalty method for material incompressibility is used to avoid

introduction of hydrostatic pressures as extra variables. With the active stresses provided by electromechan-
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ical models, and also the blood pressures acting as the natural boundary conditions on the endocardial

surfaces, the physiologically plausible active deformation of the heart can be simulated. While the Costa

Law has been implemented under the prolate spheroidal coordinate system to study the effect of laminar

orthotropic myofiber architecture in a canine left ventricle [15], we contribute a simple but novel bound-

ary condition for enforcing cardiac specific boundary displacements under the cartesian coordinate system,

implemented using the meshfree methods to benefit medical image analysis [18]. Experiments have been

done on a cubical object to verify the correctness of the implementation, and on a canine heart architecture

to show the physiological plausibility of the proposed cardiac model.

2 Methodology

The biomechanically accurate material model, the incompressibility of the myocardium, and also the cardiac

specific boundary conditions are essential for realistic cardiac deformation. With the cardiac system dynam-

ics connecting these components with the kinematic quantities and active contraction forces, physiologically

plausible deformations of the heart can then be achieved.

2.1 Hyperelastic Material Model

Biomechanical experiments showed that material properties of the myocardium are nonlinear and or-

thotropic, thus the fibrous-sheet structure and also the nonlinear stress-strain relation have to be properly

considered [3, 4, 6].

Strain Energy Function

There are different hyperelastic material models describing the nonlinear myocardial stress-strain relation

[9, 2, 11]. In an experiment of constitutive parameter optimizations with pig cardiac tissues, the Costa law

has been reported as the best among the five well-known nonlinear constitutive laws [2, 11]. Furthermore,

compared with the pole-zero law that has 18 parameters [9], the Costa law has only seven parameters, which

results in a much smaller degree of freedoms for material parameters recovery from medical images, and

thus can largely improve the computational efficiency especially when statistical state-space frameworks are

utilized [14, 19]. As our goal is to construct a cardiac model which can facilitate medical image analysis, the

Costa law is chosen as our material model, which describes the local orthotropic material property through

the strain energy function [2]:

Ψ(E f f ,E f n,E f s,En f ,Enn,Ens,Es f ,Esn,Ess) =
1

2
a(eQ −1) (1)

where

Q =b f f E2
f f +2b f n

(
1

2
(Ef n +En f )

)2

+2b f s

(
1

2
(E f s +Es f )

)2

+bnnE2
nn +2bns

(
1

2
(Ens +Esn)

)2

+bssE2
ss

(2)

with Eαβ the components of the Green-Lagrange strain tensor E defined under the local coordinate system

( f ,n,s; fiber, normal, sheet). a, b f f , b f n, b f s, bnn, bns and bss are the seven constitutive material parameters

of the tissue, with the unit of a as Pa and bαβ have no unit. The local fibrous-sheet structure is represented

by the f -n-s coordinate system, which orientation can be different at different locations.
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Stress Tensor

With the strain energy function defined, we can derive the second Piola-Kirchhoff (PKII) stress tensor S =
∂Ψ/∂E under the f -n-s basis as [5]:

Sαβ =
∂Ψ

∂Eαβ
=

{
aeQbαβEαβ, if α = β
1
2
aeQbαβ(Eαβ +Eβα), if α �= β,with bαβ = bβα

(3)

It can be seen that the stress-strain relation is highly nonlinear, and the material stiffness increases with the

deformation.

Elasticity Tensor

The problems of finite elasticity are nonlinear and usually have no closed-form solution, thus incremental

solution techniques of Newton’s type are required. In consequence, the elasticity tensor C which provides

the linearized stress-strain relation at a particular strain state is given as [5]:

C =
∂S
∂E

=
∂2Ψ

∂E∂E
or Cαβrs =

∂2Ψ
∂Eαβ∂Ers

(4)

C possesses the major symmetries (Cαβrs = Crsαβ) and the minor symmetries (Cαβrs = Cβαrs = Cαβsr), thus

it has only 21 independent components.

Defining [ΔS]local = [ΔS f f ,ΔSnn,ΔSss,ΔS f n,ΔS f s,ΔSns]T and [ΔE]local =
[ΔE f f ,ΔEnn,ΔEss,2ΔE f n,2ΔE f s,2ΔEns]T, with ΔSi j and ΔEi j the components of the local incremental

PKII stress and strain tensors respectively, we have [ΔS]local = [C]local[ΔE]local, where:

[C]local =

⎡⎢⎢⎢⎢⎢⎢⎣

Cf f f f Cf f nn Cf f ss Cf f f n Cf f f s Cf f ns

Cnn f f Cnnnn Cnnss Cnn f n Cnn f s Cnnns

Css f f Cssnn Cssss Css f n Css f s Cssns

Cf n f f Cf nnn Cf nss Cf n f n Cf n f s Cf nns

Cf s f f Cf snn Cf sss Cf s f n Cf s f s Cf sns

Cns f f Cnsnn Cnsss Cns f n Cns f s Cnsns

⎤⎥⎥⎥⎥⎥⎥⎦ (5)

This matrix is symmetric because C possesses the major symmetries. Note that [C]local must be multiplied

with incremental engineering shear strain components (2ΔEi j, i �= j) to obtain the proper incremental PKII

stress tensor components.

To transform [C]local into the global coordinate system, we have the relation:

[C]global = [T ][C]local[R][T ]−1[R]−1 (6)

with [T ] the transformation matrix which is a function of the f -n-s directions, and [R] is a diagonal ma-

trix responsible for the transformation between strain and engineering strain components, with elements

{1,1,1,2,2,2}. As both local and global coordinate systems are cartesian in our model, [T ] is much simpler

compared with those using curvilinear global coordinate system [9].

2.2 Penalty Method for Incompressibility

It has been widely accepted in literatures that the myocardium is nearly incompressible [3, 4, 6]. In order to

approximate this condition while not increasing the number of variables, the penalty method is used, which
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is based on the idea of modeling the nearly incompressibility by using a large value of bulk modulus [5]. It

is standard to use the decoupled representation of the strain-energy function:

Ψ(E) = Ψvol(J)+Ψiso(E) with Ψvol(J) = κG(J) (7)

where J = (detC)1/2 defining the volume ratio, with C the right Cauchy-Green tensor, and E = 0.5(J−2/3C−
I). Ψvol describes the volumetric elastic response, and Ψiso describes the isochoric elastic response of the

hyperelastic material which has the same form of (1) with E replaced by E.

The volumetric contribution Ψvol is characterized by a penalty parameter κ > 0, which is an adjustable nu-

merical parameter chosen through numerical experiments. The function G is known as the penalty function

with the form [5]:

G(J) =
1

2
(J−1)2 (8)

While G has different forms for different material properties, as the one for the myocardium is unknown,

we use the simplest one which can account for the incompressibility.

With (7) and (8), the respective PKII stress tensor can now be defined as:

S = Svol +Siso = JpC−1 +
∂Ψiso

∂E
; p =

dΨvol

dJ
= κ(J−1) (9)

and the respective decoupled representation of elasticity tensor is given as:

C = Cvol +Ciso =
∂Siso

∂E
+

∂Svol

∂E
(10)

Although this approach cannot impose total incompressibility, it can avoid the introduction of hydrostatic

pressures which may lead to a global system matrix with rank deficiency [5].

2.3 Enforcing Cardiac Specific Displacement Boundary Conditions

Various structures constraining the cardiac deformation, among which the pericardial sac exhibiting high

axial stiffness and low transmural shear resistance plays an important role in limiting the movement of

the epicardium [9]. It is relatively easy to simulate this boundary condition under the prolate spheroidal

coordinate system by limiting the corresponding displacement variables, however, it is not trivial under the

cartesian coordinate system. To simulate the axial stiffness, we propose the boundary condition:

u ·n = b (11)

where u and n are the displacement and normal on the epicardial surface under the cartesian coordinate

system. b controls the displacement along the normal direction, which can be a function of deformation, or

zero if displacement is forbidden. This boundary condition can be imposed using the generalized Lagrange

multiplier or penalty method on the epicardium [1]. Furthermore, the penalty method is used to constrain

the circumferential displacement of the epicardial surface, simulating the transmural shear resistance of the

pericardial sac. Equation (11) is important for medical image analysis as it provides an efficient yet realistic

way to couple the model with information from images, for example, to incorporate the displacement infor-

mation of the epicardium extracted from the images using the method described in [12] into b. Although

(11) is simple, we could not find any relevant literature which specifies this simple but useful relation for

simulating the constraint of the pericardial sac under the cartesian coordinate system. The experimental

results in section 3.2 will show that this constraint leads to the proper twisting motion of the myocardium.
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Figure 1: Static shear test on a cubical object. (a) The bottom surface is fixed and displacement is enforced

along the x-direction on the top surface. Red lines indicate the fiber-normal-sheet orientations. Left to right:

k = 0,0.167,0.334, and 0.5. (b) Analytical and computed forces on the positive z-surface (top surface) of

the cubical object. Left: the x-component. Right: the z-component.

2.4 Cardiac System Dynamics under Finite Deformation

The cardiac system dynamics acts as the central link between the material properties, external forces, and

kinematic quantities. The displacement-based total-Lagrangian (TL) system dynamics of the heart under

finite deformation is utilized. Using the meshfree methods for spatial approximation, the matrix representa-

tion of the TL system dynamics is given as [18]:

MÜ+CU̇+KΔU = Rc +Rb −Ri (12)

where M is the mass matrix, C is the damping matrix, and K is the strain incremental stiffness matrix con-

taining the material and deformation properties. The hyperelastic material properties and incompressibility

is embedded in K as it comprises C in (10). Rc is the force vector containing the active forces obtained

through a electromechanical coupling model. Rb is the force vector for enforcing boundary conditions, and

Ri is the nodal force vector for finite deformation only and is related to the internal stresses. Ü, U̇ and ΔU
are the respective nodal acceleration, velocity and incremental displacement vectors. By using the Newmark

method for temporal integration, (12) can be solved for the nodal kinematic quantities, and thus the active

cardiac deformation can be obtained.
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(a) (b)

Figure 2: Meshfree representation constructed from the canine heart architecture. (a) A set of nodes (green)

bounded by surface elements (red lines) representing the cardiac boundaries. (b) Fiber orientations shown

as blue lines on the heart surfaces.

3 Experiments

3.1 Cubical Object

In order to verify the correctness of the implementation, a static passive shear test described in [11] was

adopted. A cubical object with lengths 60 mm is utilized, which has the initial fibrous-sheet structure f -

n-s pointing towards the z-x-y axes of the cartesian coordinate system. Suppose we have the deformation

gradient tensor in the global x-y-z coordinate system as:

F =

⎡⎣ 1 0 k
0 1 0

0 0 1

⎤⎦
x,y,z

⇒ E =
1

2

⎡⎣ 0 0 k
0 0 0

k 0 k2

⎤⎦
x,y,z

(13)

where k ranges between -0.5 and 0.5. Then the analytical force on the surface with normal pointing towards

the positive z-direction (positive z-surface) is:

tz =

⎡⎣1
2
Aak(b f f k2 +b f n)eQ

0

A 1
2
ak2b f f eQ

⎤⎦ (14)

with A the area of the surface before deformation, and Q = 0.25b f f k4 +0.5b f nk2.

In the experiment, displacement boundary conditions are enforced on both z-surfaces of the cubical object

to simulate the deformation in (13) in 60 steps, and the force on the positive z-surface is computed. Figure

1(a) shows the deformed structures. In Figure 1(b), we can see that the computed results are very close to

the analytical results, yet the errors increase when the deformation becomes large. This is because for the

hyperelastic material, the stress-strain relation is very steep when the strain is large, and thus the linearization

error of the elasticity tensor becomes large when the step size is constant. The y-component of the computed

force is about 10−5 of the x and z-components. These show that our implementation can capture the realistic

stress-strain relation of the Costa law.
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Figure 3: (a) Averaged twist angle versus normalized LV volume. The positive twist angle represents

anticlockwise rotation, when viewed along the long axis of LV from the apex. (b) LV volume change versus

time of different cardiac cycles for the 0.5 bαβ case. (c) LV volume change versus time of different material

parameters. (d) Normalized LV volume change of (c), for easier comparison of the stroke volumes. Stroke

volumes of the 0.5 bαβ, 1 bαβ, and linear elastic cases are 57.6%, 45.2%, and 19.1% respectively.

3.2 Canine Heart Architecture

The canine heart architecture of the University of Auckland was used, which provides both the geometry

and fibrous-sheet structure [9]. A meshfree representation was constructed from the canine heart geometry

[8], with the fiber orientations shown in Figure 2. Active contraction forces were simulated through the

cardiac electromechanical model described in [19], and deformations of one cardiac cycle in 800 ms were

computed. As the canine heart architecture was obtained through in-vitro anatomical experiments when

the bloods were not inside the ventricles, its geometry should not be treated as the end-of-diastole, and

blood pressures were applied to the surfaces of the endocardia of the left and right ventricles (LV and RV)

to inflate them. This step built up stresses in the myocardium at the end of diastole, and thus increase

the physiological meaningfulness of the simulation. Two consecutive cardiac cycles were run so that the

effects of the improper initial conditions, such as the zero velocities, zero accelerations, and zero myocardial

stresses, could be alleviated. Figure 3(b) shows the change of the LV volume of the two cardiac cycles, and

we can see that the end-of-diastole volume become stable in the second cycle.

Figure 4 shows the deformation of the simulated beating heart, and also a MRI sequence for comparison. The
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(a)

(b)

Figure 4: Deformations of cardiac geometries during systole. (a) MRI sequence of a healthy human heart.

Left to right: 0 ms, 86 ms, 172 ms, 258 ms, and 344 ms. (b) Simulated cardiac cycle. The green dots

represent the material points in the myocardium and the black arrows represent the incremental displacement

vectors. Left to right: 220 ms, 240 ms, 260 ms, 280 ms, and 300 ms.

MRI sequence contains 20 frames of a cardiac cycle of a healthy human. Each 3D image frame contains

eight image slices, with 10 mm inter-slice spacing, in-plane resolution of 1.56 mm/voxel, and temporal

resolution of 43 ms/frame. It can be seen from the MRI that, because of the constraint of the pericardial sac,

the motion of the epicardium along the normal direction of the epicardial surface is limited. Furthermore,

the apex is almost fixed, and the base moves towards the apex during contraction. All of these deformation

patterns can be found in our simulation because we have applied proper displacement boundary conditions

to simulate the effects of the structures surrounding the heart, especially those described in section 2.3. If the

boundary condition of the pericardial sac is not included, the epicardium will displace towards the septum

and results in unrealistic deformation. We can also observe from the displacement vectors of Figure 4(b)

that the heart twisted during contraction. Again, because of the boundary conditions described in section

2.3, the amounts and directions of the twist angles are similar to those described in the literatures [4, 9], with

the numerical results plotted in Figure 3(a).

The values of the material parameters were adopted from [11] for the initial experiments (a = 0.171 kPa,

b f f = 34,b f n = 11.1,b f s = 12.6,bnn = 19.3,bns = 9.01,bss = 13). Nevertheless, even when very large

contraction stresses were applied (around 50 kPa), the stroke volume of LV, which is defined as the difference

between the end-diastole volume and the end-systole volume, could not achieve a proper value which should

be about 60-70% when normalized by the end-diastole volume. This is because the stiffness of the material

exponentially increases with the deformation, and the myocardium becomes too stiff to contract any more.

As stated in [2], the material parameters are actually different at different locations of the heart, and some

locations are softer so that larger deformation is allowed. As the precise distribution of different material

parameters is not available, in order to investigate the effect of the parameters to the stroke volume, we

performed another simulation with all the bαβ halved. Larger stroke volume was obtained, and the temporal

changes of the LV volume became more similar to those presented in literatures [4, 6](Figure 3(c) and

(d)). Furthermore, in order to verify the importance of using hyperelastic material, a simulation using linear

elastic material was performed under exactly the same setting, with Young’s moduli along and cross the

myofiber as 75 and 25 kPa respectively [4]. It can be seen that the resulted stroke volume is very small, and

the change of volume is almost linear compared with the hyperelastic model. This is because the stiffness

of the linear elastic material does not change with deformation, while the hyperelastic material is relatively
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Figure 5: Strain maps of the simulated cardiac cycle. Top to bottom: radial, circumferential, and radial-

circumferential strains, defined under a cylindrical coordinate system with the long axis of the LV as the

long axis. Left to right: 300 ms, 320 ms, 340 ms, and 360 ms (during systole). Positive values represent

extensions and negative values represent contractions.

soft at the beginning and becomes very stiff after deformation.

The strain maps of the simulation with 0.5 bαβ are shown in Figure 5. While the displacements were ob-

tained under the cartesian coordinate system, the strains were represented under the cylindrical coordinate

system for the physiological meaningfulness. From Figure 5, we can observe the circumferential contrac-

tion and radial extension of the myocardium during systole, which are consistent with the descriptions in

cardiological literatures [4, 6].

4 Conclusion and Discussion

In this paper, we have introduced a cardiac model tailored for medical image analysis. The Costa Law which

was verified as the best among the five tested well-known hyperelastic material models has been adopted, its

relatively few material parameters can facilitate the efficiency of the material property recovery from medical

images. The corresponding PKII stress tensor and elasticity tensor have been derived, and the penalty

method for incompressibility has been presented. We have also proposed a simple but realistic displacement

boundary condition to simulate the constraint of the pericardial sac under the cartesian coordinate system.

The correctness of the implementation was verified through an experiment on a cubical object, and the

physiological plausibility of our model was verified through experiments on a canine heart architecture.

As we can enforce blood pressures as the natural boundary conditions to inflate LV and RV, our model is

capable of incorporating the four cardiac phases of blood filling, isovolumic contraction, blood ejection,

and isovolumic relaxation. While the blood filling and the blood ejection phases can be described through

physical models such as the Windkessel model [16], the isovolumic phases can only be handled numerically

without proper physical meaning [10, 13]. In view of this, we only apply the blood pressure of the blood
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filling phase to simulate the inflation of the ventricles, and we are working on using the computational fluid

dynamics to provide proper stress boundary conditions for the isovolumic phases, or even other phases.

Furthermore, this cardiac model will be used for cardiac information recovery from medical images after

completion. As this model is highly nonlinear, following the spirit of [17], the unscented Kalman filter will

be utilized for the recovery process.
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Abstract

In this paper we propose a very efficient contact implementation for modeling the brain-skull in-
teraction. This contact algorithm is specially designed for our Dynamic Relaxation solution 
method for solving soft-tissue registration problems. It makes possible the use of complex bio-
mechanical models which include different nonlinear materials, large deformations and contacts 
for image registration. The computational examples prove the accuracy and the computational 
efficiency of our methods. For a model having more than 50000 degrees of freedom, a complete 
simulation can be done in less than a minute on a standard personal computer. 

Keywords: real time computations, brain-skull contacts, image registration  
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1 Introduction

Brain deformation during surgery – commonly known as brain shift - is the primary motivation for 
this study. Deformations within the brain due to brain shift are difficult to monitor in real time as 
high resolution intra-operative MRI still remains a research rather than a clinical tool. These un-
known changes in the location and shape of the brain and associated anatomy present the neurosur-
geon with challenges and barriers to safe successful surgery. The “accurate localization of target” 
has been listed as the first principle in modern neurosurgical procedures [1] and this project aims to 
make accurate localization of targets more achievable. 

Surgery related brain deformations occur for a number of reasons – loss of fluid during a craniot-
omy, brain edema or physiologic changes [2, 3]. Deformations of up to 10 mm are common in 
nearly all neurosurgical cranial procedures [4] and can be up to 25 mm in some cases [5]. These de-
formations make surgery difficult as the neurosurgeon is usually unable to track them using high 
quality intra-operative medical images. The surgeon may see that the surface of the brain collapsed 
by 10 mm, but they will not be able to predict the deformation within the brain due to this collapse. 

The resolution of intra-operative images is much lower than the one of pre-operative images, thus 
registration of the accurate pre-operative images to the intra-operative state is required for a com-
plete and accurate visualization. A registration method that leads to physically plausible deforma-
tion estimates is the computation of the intra-operative brain deformations using a biomechanical 
model. Such a method treats brain shift as a solid mechanics problem. 

The context of neurosurgery provides a number of constraints for a useful computation of brain de-
formation. Predominately the two most important constraints are short computation time and high 
accuracy. The computation time must be very short, so that updates to the model – from intra-
operative measuring and imaging – can be immediately shown to the surgeon.  

If only partial information about the brain surface can be obtained intra-operatively (i.e. only in the 
area of craniotomy), the deformation problem can not be solved accurately without considering the 
interaction between the brain and the skull for the remaining of the surface.

This paper is organized as follows: the problem of brain-skull interaction is analyzed in the next 
section, the resulting contact algorithm implementation is presented in Section 3, simulation results 
are presented in Section 4 and the last section contains some discussions and conclusions.  

2 Problem Formulation 

2.1 Registration As A Solid Mechanics Problem 

The process of matching images of the same anatomy in differing modalities or resolutions is 
termed registration [6]. When the anatomy imaged is rigid (e.g. skeletal structure) only rigid regis-
tration is required, which is a simple process of mapping points between two coordinate systems. 
When the anatomy deforms – as is the case for the brain – more advanced non-rigid registration 
techniques are required.
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Non-rigid registration is required for image-guided surgical procedures, where high resolution pre-
operative images are warped to the configuration of lower quality intra-operative images. This has 
traditionally been achieved through applying image distortion or transformation algorithms to warp 
images ([7-9]). These methods work well when differences between images are not too large, how-
ever the plausibility of the solution can not be guaranteed with purely image based warping. When 
registering the finite deformations it is instead suggested to consider the registration process as a 
solid mechanics problem, to produce a solution based on the established principles of continuum 
mechanics. 

The use of biomechanical models was proposed by many researchers. When appropriate nonlinear 
models and solution methods are used, good registration results are obtained even in case of finite 
deformations [10-12]. 

2.2 Interaction Modeling For The Brain-Skull Interface 

There are three membranes: dura mater, the arachnoid and pia mater between the brain and skull. 
The subarachnoid space (SAS) contains cerebrospinal fluid (CSF). This complex structure is pre-
sented in Fig. 1 (edited from [13]). During craniotomy CSF can leak freely from the subarachnoid 
space, creating a gap between the brain and the skull [12]. 

As the Young’s modulus of the skull bone is several orders of magnitude greater than that of the 
brain tissue we can treat the skull as a rigid body. Therefore it is sufficient to model the brain-skull 
interaction as a contact between a deformable continuum (the brain) and a rigid body (the skull).

Some authors have tried to model the brain-skull interaction as a sliding contact with no separation, 
in which the nodes on the brain surface can move only tangentially to the skull surface [14]. In such 
case the brain can not move towards the skull or separate from it. Considering the anatomical struc-
ture of the brain-skull interface and based on comparisons between pre-operative and intra-
operative MRI images, we consider this is not an appropriate approach. 

Other authors have applied displacements over the entire surface of the brain, to match the deforma-
tion of the surface to the intra-operative images [15, 16]. Although this is a realistic approach from 
the modelling point of view, the problem of obtaining the displacements of the entire brain surface 
intra-operatively remains.  

The following assumptions are made in order to simplify the contact problem: 
� If the skull is considered rigid and fixed, then deformation of this body is irrelevant. Only 

consideration of brain deformation is required. 
� As lubrication is present, friction is low and sliding of the brain on the skull occurs – fric-

tionless contact conditions are the simplest representation of sliding contact.  
� Separation of brain from skull is allowed. 
� Only the deformation of the brain is of interest for registration purposes – thus the contact 

force is not specifically of interest. The brain deformation is formulated as a “displacement 
– zero traction problem”, as only displacement constrains are prescribed and no surface trac-
tions are applied. This leads to a smaller influence of the material constitutive model on the 
simulation results [17]. 
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Fig. 1. The structure of the brain-skull interface, adapted from [13] 

When selecting the best contact formulation we must also consider the solution method used for 
solving the finite element problem. We use Dynamic Relaxation [18] for finding the deformed state 
of our biomechanical model. This is an explicit method in which the position of the brain nodes is 
updated at every time step.    

The simplest contact formulation for the brain-skull interaction, that accounts for the points dis-
cussed above, would be a finite sliding, frictionless contact between a deformable object (the brain) 
and a rigid surface (the skull). This can be implemented as a kinematic constraint type of contact 
that does not require the computation of any contact forces at the interface. A similar approach was 
proposed in [19], but no details are given regarding the contact algorithm and the simulations are 
performed using a commercial software (Abaqus). 

There are many interaction (contact) handling algorithms available in commercial software, but 
there are some problems in using them: a large number of parameters (that influence the contact be-
haviour and the accuracy of the results) and long computation time. The contact algorithm we pre-
sent has no configuration parameters (does not require the computing of contact forces) and is very 
fast, with the speed almost independent of the mesh density for the skull surface. 

The main parts of the contact algorithm are: detection of nodes on the brain surface (also called the 
slave surface) which have penetrated the skull surface (master surface) and the displacement of each 
slave node that has penetrated the master surface to the closest point on the master surface. 
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3 Contact Algorithm Implementation 

3.1 Detecting Penetration 

The surfaces of the anatomical structures of segmented brain images are typically discretized using 
triangles; therefore we consider the skull surface as a triangular mesh. We will call each triangle 
surface a “face”, the vertices - “nodes” and the triangle sides - “edges”.

We base our penetration detection algorithm on the closest master node (nearest neighbor) approach 
[20]. The basic algorithm is as follows: 

- For each slave node P: 
� Find the closest master node C (global search) 
� Check the faces and edges surrounding C for penetration (local search) 

To improve the computation speed, the global search phase is usually implemented using bucket 
sort [20]. A good description of this searching algorithm is given in [21]. In our implementation the 
size of the buckets used for the global search is different in the three directions. For each direction, 
this size is given by half of the maximum size of all master edge projections on that direction. This 
ensures that the number of nodes in each bucket is minimal while there are no buckets for which a 
closest node can not be found.  

The next step (local search), for a slave node P, aims at finding the closest node R on the master 
surface, on the faces or edges surrounding node C (Fig. 2). Once the closest point on the master sur-
face is identified, the penetration is detected by checking the sign of the scalar product RP·n, with n
the inside normal to the master surface in R. For an edge or a node the normal is defined as the sum 
of the normal vectors of adjacent faces.    

Fig. 2. Local search a) Penetration of a face b) Penetration of an edge c) Penetration of a face that is 
not connected to the closest node 

Consider a triangular face T that contains node C, and the projection R of slave node P on the face 
(Fig. 2.a). If R is outside the triangle T, the face is discarded, otherwise the distance to the face is 
[PR]. In order to improve the speed of the search, only the faces for which CP·b > 0 are checked, 
with b being the bisector of angle C in triangle T.

When P projects outside triangle T, it can project on one of the adjacent triangles or it can project 
on the common edge between two adjacent triangles, as shown in Fig. 2.b (seen along the common 
edge). Therefore all the edges containing the closest master node C must also be checked.  
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Another possibility is that the node does not project inside any of the edges either and the closest 
node itself is the closest point on the master surface.      

In most of the cases, the basic tests presented above are sufficient for identifying the closest point 
on the master surface. Nevertheless, there are also special cases that must be considered, when the 
closest point on the master surface is not on the faces and edges adjacent to C. A simple case is pre-
sented in Fig. 2.c for a two-dimensional situation. In a tri-dimensional setting the situation is more 
complex and such cases are more likely to occur even without having such sharp corners. 

In commercial software this problem is solved by searching for the closest face or edge on the mas-
ter surface instead of searching for the closest master node [20]. This search is time consuming even 
if bucket sort is used. Therefore our proposal for handling these special cases is to make an analysis 
of the master surface and identify, for each node C, all the faces and edges that are possible to be 
penetrated by a slave node P in the case C is the closest master node to P. This analysis is done 
based on geometrical considerations as explained in the next section. The identified faces and edges 
are kept in a list for each master node C and they are checked in addition to the faces and edges that 
contain C when the local search is performed.  

In some cases the slave node P is too far from the closest master node C to penetrate any face or 
edge that contains C. If d is the maximum penetration possible in any given time step and 

222 rdCP �� (1)

then the basic tests are skipped and only the additional tests are done. In the above relation r is the 
radius of influence of node C, being equal with the maximum length of all master surface edges 
containing C.

3.2 Finding additional edges and faces that must be checked 

Consider an edge AB and a node on the master surface C (Fig. 3.a). We must check if it is possible 
for a slave node to be closer to C than to A or B but to have penetrated AB. In triangle ABC, the lo-
cation of nodes that are closer to C than to A and B (R) is delimited by the lines OP and ON, where 
O is the center of the circumscribed circle and P and N are the middle of edges AC and BC. In 
space, R is delimited by two planes perpendicular on ABC and containing OP and ON respectively. 
The following tests are made for edge any edge AB that does not contain C and is not part of the 
same master triangle as C: 

� If [CM] < [AM] or ([CM] > [AM] and [OM] < d) then AB is added to the list for node C. 
These conditions are equivalent to the edge AB crossing or being very close (less than d) to 
R.

For a node C and a face T1T2T3 on the master surface, the location of nodes that are closer to C than 
to T1, T2 or T3 (R) is delimited by 3 planes Pi which are perpendicular at the midpoint Mi to seg-
ments CTi (i = 1,2,3). These planes all contain point O which is the center of the sphere circum-
scribed to the tetrahedron CT1T2T3. G1, G2, G3 and R are the projections of O to the faces of this tet-
rahedron (Fig. 3.b). 

If n is the normal to the face pointing in the direction of C, we build the points D1, D2 and D3 by 
displacing T1, T2 and T3 in the direction of n by distance d. We name E1, E2 and E3 the middle of 
the edges of the triangle D1D2D3 and with O1 the center of the circumscribed circle for the same tri-
angle. The following tests are made for each master triangle T1T2T3 which does not have C as a 
node:
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� It is easy to show that if [CR] > 2*[T1R] then R can not intersect the interior of the triangle 
T1T2T3, and therefore the face is discarded 

� Consider the set of points S = { D1, D2, D3, E1, E2, E3, O1}. O1 is included in S only if it is in 
the interior of triangle D1D2D3. If any of these points is on the same side of all three planes Pi
as C then the face is added to the list of additional faces to check for node C. From the ge-
ometry, these tests are equivalent to: 

MiS·MiC > 0,   i = 1,2,3 (2)

with S being any point from S.

Fig. 3. Detection of additional edges (a) and triangles (b) to check for node C 

When the relation between nodes and edges or faces from the master surface is studied, bucket sort 
is used for decreasing the computation time. The edges are organized in buckets based on their 
middle point and the size of the buckets in all three directions is equal with half of the maximum 
edge length. The faces are organized in buckets based on the centers of their circumscribed circles 
and the size of the buckets is given by the maximum radius of these circles.  

3.3 The complete algorithm 

The basic contact algorithm is as follows: 

1. Preprocessing stage: 

� Study master surface and create lists with additional edges and faces to check for each mas-
ter node; 
� Pre-compute all dimensions related to the master surface that are needed in the local search 
stage (such as normal directions, lengths, bisectors, etc.) 
� Distribute master nodes into buckets;  

2. At the end of each Dynamic Relaxation step, for each slave node P: 

� Identify the bucket containing P and search for the closest master node C in that bucket and 
all the surrounding buckets;
� Find the closest point on the master surface, R, by searching the master edges and faces that 
contain C and the additional master edges and faces related to node C 
� Check for penetration, using the normal to the master surface in R; 
� If penetration is detected, move the slave node P to the point R    
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4 Simulation results 

In order to assess the performance of the algorithm we performed simulations using our implemen-
tation of the contact algorithm (combined with Dynamic Relaxation as a solution method)  and the 
commercial software package LS-Dyna [20] and compared the results.  

The same loading conditions and material models were used in both cases. The loading consisted in 
displacements applied to the nodes from the craniotomy area using a smooth loading curve. Neo-
Hookean material models were used for the brain tissue and for the tumor and a linear elastic model 
was used for the ventricles. In order to obtain the steady state solution, the oscillations were damped 
away using both mass and stiffness proportional damping in LS-Dyna.    

In a first experiment, we displaced an ellipsoid (made of a nonlinear Neo-Hookean material) with 
the approximate size of a brain inside another ellipsoid simulating the skull. The maximum dis-
placement applied was 40 mm. The average difference in the nodal displacement field between our 
simulation and the LS-Dyna simulation was less than 0.12 mm (Fig. 4.a).   

In another experiment we performed the registration of a patient specific brain shift. LS-Dyna simu-
lations for this case have been done previously and the results were found to agree well with the real 
deformations [11]. We performed the same simulations using Dynamic Relaxation and our contact 
algorithm. The average difference in the nodal displacement field was less than 0.2 mm (Fig. 4.b).  

For a master surface consisting of 1993 nodes and 3960 triangular faces and a slave surface having 
1749 nodes, the computation time dedicated to the contact handling for 1000 time steps is about 3.2 
s on a standard 3 GHz Intel® Core™ Duo CPU system. 

Fig. 4. Displacement differences (in millimeters) between our results and LS-Dyna simulations are 
presented using color codes. The transparent mesh is the master contact surface. 

It is worth noting that if we refine the master surface and increase the number of triangles 4 times 
(to 15840), the computation time for 1000 time steps increases to 3.8 s. Therefore the computation 
time is almost independent of the number of triangles on the master surface. This happens because 
we use bucket sort with the bucket size depending on the dimensions of the triangles belonging to 
the master surface. 
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For the brain shift simulation a mesh with 16710 nodes and 15050 elements was used. The compu-
tation time for 1000 time steps was about 12 s and less than 3000 time steps are needed to reach the 
steady state solution. Therefore we need less than one minute for a complete brain shift simulation. 

5 Discussion and conclusions 

We presented in this paper a very simple and efficient contact algorithm that can be used for simu-
lating the brain-skull interaction in a biomechanical model, when combined with an explicit solu-
tion algorithm – Dynamic Relaxation. 

The surface representing the skull is considered rigid and therefore it can be analyzed pre-
operatively and many quantities needed for handling the contact can be pre-computed. No parame-
ters are needed for defining the contact (contact thickness, stiffness, etc.), as it only imposes kine-
matic restrictions on the movement of the brain nodes. The brain nodes are prevented from penetrat-
ing the skull, but they can slide along or separate from it. 

By imposing only kinematic restrictions, no contact forces need to be computed. Although the con-
tact forces can be extracted from the strains occurring in the brain elements, they are not of interest 
in our application. The absence of any forces applied on the brain surface leads to a smaller influ-
ence of the material constitutive model parameters on the simulation results.   

The skull surface is considered to be a C0 triangular mesh, as this leads to a fast method for detect-
ing penetration. If quadrilateral elements were present in this mesh, they can easily be split into two 
triangular elements. Because this surface is not smooth, it can be argued that high frequency vibra-
tions will be introduced in the solution. In commercial codes such vibrations are handled using con-
tact damping or by smoothing the surface (see [20]). Our solution algorithm naturally damps all the 
high frequency vibrations [18], therefore no additional effort is needed for handling these vibra-
tions.

Combining Dynamic Relaxation with this contact implementation we can perform a brain shift 
simulation in less than a minute on a normal PC, for a model having over 50000 degrees of free-
dom. Therefore, we are one step closer to intra-operative brain shift simulation.      
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Abstract 
 
 
 
 
Soft tissue characterization with finite element (FE) modeling is important to develop a realistic model for 
medical simulation, since it is possible to display complex tool-tissue interactions during medical 
interventions. However, it is difficult to integrate large deformation and geometrical boundary conditions 
to the FE computations. In this paper, the force responses and surface deformation fields of the tissues 
against the indentation were measured by a force transducer and three-dimensional optical system. Large 
indentation experiments on porcine liver were performed to estimate the radius of influence from the 
indented point up to 8 mm indentation and to measure the force response for 7mm indentation. The radius 
of influence region was plotted against various indentation depths and indenter shapes, and it could be 
used to determine the model size for the characterization. The tissue behavior of large deformation 
considering influence of the boundary conditions was characterized with FE modeling via hyperelastic 
and linear viscoelastic model. 
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1 Introduction

Virtual reality (VR)-based medical simulations [1, 2] provide a realistic environment as in the surgical 
operation for the training of surgeons. The simulations enable novice surgeons to safely acquire 
competency in complicated surgical skills that are otherwise risky and difficult to learn through surgery 
on actual patients.  

Many medical procedures induce large deformation to soft tissues by instruments, but the force feedback 
or deformation of the simulation are currently based on linear elastic models with small deformation [3]. 
Therefore, the tissue behavior considering large deformation should be described by the nonlinear 
elasticity theory. While several studies were carried out regarding the measurement and modeling of the 
quantitative responses of the tissues, the researches on that under large deformation were insufficient due 
to the complex experiment conditions and nonlinear properties of the tissue. It can also be seen that 
according to the experiments and characterization methods, the measured mechanical properties show a 
large variation. In addition, currently developed models have limitations due to the complex experimental 
conditions and nonlinear properties of the tissue. Therefore, for more accurate modeling, especially 
medical simulation, organ experiments under large deformation have to be performed, and the mechanical 
models are characterized using the geometrically accurate boundary conditions and experimental results. 

In comparison to the earlier studies, this study measured the surface deformation as well as force 
responses against the indentation to develop more accurate tissue model with considering both 
quantitative results. This work starts from mechanical experiments measuring the force responses and 
surface deformation of the tissues against the indentation, with force transducer and three-dimensional 
optical system. From these results, the maximum radius of influenced extent by the deformation was 
calculated according to the indentation depths and shapes of indenter tips. The maximum radius could be 
used to determine the minimal required size of FE model for the simulation. The model was designed and 
integrated into inverse FEM optimization algorithm to characterize tissue model parameters. The 
algorithm estimates unknown parameters by minimizing the least-square errors between simulation 
results of the FE model and force responses obtained from indentation experiments. 

2 Soft Tissue Experiments 

2.1 Experimental setup 

While the previous studies focused only on the force responses of soft tissues, this study measured the 
surface deformation as well as force responses against the indentation. More accurate tissue model could 
be developed with considering both quantitative results. The deformation were obtained using the optical 
three-dimensional deformation analyzer (ARAMIS, GOM co., Germany) and the force responses were 
measured using one-dimensional indentation device [4] (see Fig. 1). 

The deformation analyzer consists of a pair of digital CCD cameras, a light source, a trivet and a 
controller. The camera resolution is 1280 × 1024 pixels with the measuring range covering from 
millimeters to meters. The measuring accuracy, including the noise and vibration effects, is reported as 
less than 5 ªm. This analyzer is a non-contact measuring system, which is well suited for three-
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dimensional deformation and strain distribution measurement under static or dynamic load. The 
procedures for measuring tissue deformation consist of sample preparation, image acquisition, and image  

   

                    (a)                                              (b)                                                         (c) 

Figure 1. (a) Optical three-dimensional deformation analyzer, (b) Indentation device and indenters (flat 
and hemisphere tips), and (c) Experimental setup. 

 

processing. Firstly, white and black color dots are sprinkled on the surface of a target tissue to make the 
reference patterns, shown in Fig. 2. Secondly, for the measurement, synchronized stereo images of the 
deformed pattern are recorded at different indentation depths. Finally, three-dimensional coordinate, 
displacement, and plane strain tensor of the tissue surface are calculated automatically using 
photogrammetric evaluation procedures [5]. Then, the results, three-dimensional visualization, sectional 
diagram of deformation, and time dependent deformation trajectory, were recorded for further analysis. 
Using this system, high resolution deformation and deformation trajectory depending on time was 
measured.  

The indentation device is composed of a force transducer (Senstech co., Ltd., Korea), a DC motor (Maxon 
Precision Motors, Fall River, MA, USA), and two different shaped indenters. The force transducer's 
resolution is 1 mN and its measurement range is from 1 mN to 9.8 kN. The maximum position error is 
less than 5 ªm, found by calibrating the dynamic motion of the motor. The displacement range is up to 
41.5 mm, and the maximum speed is 8 mm/s. The device can induce unit step, sinusoidal, rectangular and 
saw tooth wave inputs of 10 ªm ~ 41.5 mm displacements. Since even small changes in an indenter tip 
shape can make large differences in the mechanical responses of the tissues, the shape of indenter tips is 
an important factor [6]. Therefore, the indenters with cylindrical body (10 mm diameter) have flat and 
hemisphere shaped tips. 

2.2 Sample preparation 

The liver is a solid organ located in the abdominal cavity and is composed of a mass of lobules held 
together by fine areolar tissue [7]. It plays a major role in metabolism and has a number of functions in 
the body, including glycogen storage, decomposition of red blood cells, plasma protein synthesis, and 
detoxification of harmful substances [8]. We select the porcine liver as a target organ, because of the 
similarity in structure and functions to the human liver. Moreover, the porcine liver is readily available, 
relatively inexpensive and generally robust for a surgical model. Fresh livers were obtained from a local 
abattoir, which were preserved in an icebox and delivered to the laboratory in a few hours after extraction 
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to avoid dehydration. The indentation zone of the porcine liver was the center area of the median lobe for 
the consistency of experiments.  

           
                                                         (a)                                                  (b) 

Figure 2. Specimen preparation to measure the surface deformation with sprinkling a random pattern on 
(a) the original tissue’s surface with (b) the white and black color dots. 

2.3 Experimental procedure 

The following procedure was adopted for measuring the soft tissue behavior by the indentation. After 
sprinkling dots on the tissue surface, the indenter was brought into contact with the sample surface. Up to 
8 mm indentations were induced to measure the surface deformation and the force responses for 5 mm 
and 7 mm indentations. Then the deformation under the applied indentations is recorded by the CCD 
cameras, and the three-dimensional coordinates of the entire surface are precisely calculated. In addition, 
the force responses were measured with force transducer and recorded with the data acquisition system 
(Ace Kit 1103 PX4 CLP, D-Space Inc., Germany). At the end of the experiments, the indenter was 
removed from the tissue surface and repositioned to proceed with the next experiment. 

2.4 Data analysis 

The schematic illustration and organ experiment before and after indentation are shown in Fig. 3. After 
indenting the tissue, the shape of the tissue surface is deformed. The raw data of the surface deformation 
obtained from the experiments are shown in Fig. 4. Due to the liver size, it is difficult to measure an entire 
affected area by the indentation. However, the surface deformations converged to zero according to the 
distance from the indentation center. The maximum radius of influenced extent by the deformation 
according to the indentation depths and shapes of the indenters was obtained using this tendency. The 
total deformation of the tissue surface was calculated by 

222
ZYXTotal DDDD �������  (1) 

where, ¬DX, ¬DY and ¬DZ are deformation for the x, y and z directions, respectively. After the 
deformation is converged at zero, the maximum radius was determined according to the indentation 
depths (2, 4, 6, and 8 mm) and shape of indenters (flat and hemisphere tip) as shown in Fig. 5. In addition, 
to obtain the relationship between the maximum radius and indentation depth for the each indenter, the 
results were fitted with a 1st order exponential function as, 

)/exp(0 dTARR ����  (2) 
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where, R and T are the radius of influenced extent by the deformation and indentation depth, respectively. 
R0, A and d are the fitting parameters of the exponential function, which were shown in Table 2. 

    

                                                        (a)                                                     (b) 

Figure 3. (a) Schematic illustration of the experiment and (b) organ experiment of the tissue before and 
after indentation. 

 

Figure 4. Results of the surface deformation experiments. 
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Figure 5. Radius of influenced extent by the deformation for the various indentation depths. 

Table 2. Fitting parameters for each indenter. 
Fitting parameters 

Shape 
R0 A d 

Hemisphere tip 136.46 85.33 3.67 

Flat tip 145.96 92.19 2.38 

 

                     

                                                 (a)                                                                        (b) 

Figure 6. Indentation experimental results and contact conditions (upper and right box) for (a) flat and (b) 
hemisphere tips. 

 

The force response, typical relaxation behavior, for each indenter is shown in Fig. 6. The magnitudes of 
the results with respect to the indentation depths and shapes of the indenters are obtained as intended. The 
results, obtained by the same indentation depth for the both indenters, are different according to the shape 
of the indenters, because the surface and point contacts between the indenter tip and tissue surface were 
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occurred by flat and hemisphere tips, respectively. Therefore, the indented tissue volume of the flat tip is 
larger than that of the hemisphere tip. Consequently, the force response of the flat tip is larger. 

3 Soft Tissue Characterization 

Many medical procedures induce large deformation to soft tissues by instruments, but the force feedback 
or deformation of the simulation are currently based on linear elastic models with small deformation [3]. 
Therefore, the tissue behavior considering large deformation should be described by the nonlinear 
elasticity theory. In addition, considering the complex boundary and contact conditions between the 
indenter and tissue, the FE method has been widely used in simulations [9]. The inverse FEM 
optimization algorithm [10-13], therefore, has been applied for the tissue characterization. The algorithm 
uses FEM simulation iteratively to find the parameters fitted to the experimental results. 

In this study, the quasi-linear viscoelasticity (QLV) framework [14] was used for the modeling of soft 
tissues. The QLV framework assumes that mechanical behavior can be decoupled into a linear 
viscoelastic stress-relaxation response and a time-independent elastic response. The 2nd order standard 
linear solid model as a linear viscoelastic model is expressed as a Prony series expansion in the time 
domain as follows, 
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where ki, Qi, t, and P
ig are the rigidity modulus, reduced relaxation time constant, given time, and Prony 

series parameters, respectively, which can be determined by using a nonlinear least square method. From 
G (t = 0), G (t = ) conditions, the Prony series parameters are 
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Table 3 lists the liver’s computed Prony series parameters, which can be used directly to represent 
viscoelastic modeling. 

 
Table 3. Prony series parameters from the normalized experimental data. 

Shape Depth (mm) ?1 (sec) ?2 (sec) pg1  
pg2  

5 0.776 ± 0.135 14.701±2.104 0.454± 0.028 0.197± 0.025 
Flat tip 

7 1.058 ± 0.082 16.768 ± 1.932 0.411± 0.033 0.208 ± 0.021 

5 0.761 ± 0.114 22.534 ± 2.689 0.436 ± 0.051 0.273 ± 0.047 
Hemi. tip 

7 1.102 ± 0.0625 21.061 ± 2.142 0.388 ± 0.022 0.240 ± 0.029 

 

For the time-independent elastic response, the hyperelastic material model was selected. Ideally, W is 
defined with only the parameters that are required to make an FE model. The incompressible neo-
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Hookean model was selected for use here, which is widely used in soft tissue simulations. The strain 
energy function of the three dimensional incompressible neo-Hookean model is given by [15] 

W = C10(I1 - 3) (5) 

where C10 is mechanical parameter, and I1 is a principal invariant.  

The model was built in Altair Hyperworks 7.0 (Altair, USA) and simulated with ABAQUS/Standard 
6.5.1 (SIMULIA, USA). The contact between the indenter and tissues was treated as a rigid / deformable 
contact with a contact mechanics module, and the non-uniform element density over the model was used 
to improve the accuracy of the contact region. Although friction between indenter and tissue is important 
boundary condition, the model was assumed frictionless condition. In addition, the material properties of 
the model were assumed to be homogeneous, isotropic, and incompressible.  

Note that the maximum radius of influenced extent as plotted in Fig. 5 was used to determine the minimal 
required size of the FE model. If the model size was designed smaller than our results, the estimated 
mechanical properties would not be accurate, and the computational time could be longer, if the model is 
bigger. Therefore, it can be a useful guide to design the model size for the FEM simulation. 

 

Figure 7. Flow chart for the inverse FEM optimization algorithm. 

 

The initial hyperelastic parameter was inferred using Hertz-Sneddon equations [16, 17] and indentation 
experimental results. The optimization algorithm, Levenberg-Marquardt algorithm [18], was used to 
iterate the FE simulation and update the hyperelastic parameter automatically, which are shown in Fig. 7. 
With this algorithm, the parameter reached convergence after two or three iterations. Table 5 presents the 
initial and estimated parameters for the neo-Hookean model of each experimental condition. The 
parameters of 5 mm indentation depth are smaller than that of 7 mm indentation depth. In this result, the 
liver has layer by layer structure with inner layer stiffer than outer layer. In Fig. 5, the maximum radius of 
influenced extent for the flat indenter is larger than that of the hemisphere indenter. Therefore, the 
indented tissue volume of the flat indenter is larger than that of the hemisphere indenter. Figure 8 shows 
the typical simulation results for the stress and deformation of the developed FE model, which were 
captured at 50 second after inducing the indentation. It was shown that the stress and deformation 
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contours of the model s inner structure and the simulation converged. Figure 9 shows the experimental 
data from the indentation experiments and predicted force data from the FEM simulation. The force 
responses of the soft tissue model and experimental data are similar according to the coefficient of 
determinant (R2) defined by 


 �
���

m

i ees FFFR
1

222 )/)((1 , (6) 

where Fe, Fs, and m are experimental data, simulated data, and total number of data, respectively. 

 

                                            

                                                          (a)                                   (b) 

                                           

                                                           (c)                                    (d)                     

Figure 8. FE simulation results: stress and deformation contours for (a) 5mm indentation and (b) 7mm 
indentation of flat tip, and (c) 5mm indentation and (d) 7mm indentation of hemisphere tip. 
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        (a)                                                                         (b) 
Figure 9. Force responses of the simulation and experiment: (a) flat and (b) hemisphere tips for 5mm and 
7mm indentations. 

Table 4. Initial and estimated parameters of the neo-Hookean model, and coefficient of determinant. 
C10 (Pa) 

Shape Depth (mm) 
Initial Estimated ± S.D. 

R2 ± S.D. 

5 100.3 181.5 ± 14.7 0.996 ± 0.001 
Flat tip 

7 155.2 248.4 ± 8.9 0.995 ± 0.001 

5 112.7 150.8 ± 15.2 0.994 ± 0.001 
Hemi. tip 

7 174.7 214.1 ± 10.4 0.997 ± 0.002 

4 Concluding remarks 

Soft tissue characterization considering large deformation with associated boundary conditions has been 
challenging due to experimental difficulties and computational complexity. In this paper, the tissue 
deformation was captured by the optical vision system and force responses at the indenter were also 
measured by a force transducer. The maximum deformation distances with respect to various indentation 
depths were measured, and these data were fit by the empirical equation. Using the calibrated FE model 
and the nonlinear optimization algorithm, the nonlinear material properties of the soft tissues were 
characterized.  

The mechanical properties of soft tissues have been measured in vivo and in vitro for decades. Although 
in vitro testing is capable to provide controllable and stable conditions, the responses could not guarantee 
the same as live ones. Because the properties of samples may be affected by temperature, hydration, 
protein oxidation, and loss of blood pressure after removing from a body, the in vivo testing is ideal for 
the soft tissue characterization, especially for medical simulation. The medical simulation requires tissue 
models simulating live tissue behavior to provide an identical environment as in operating rooms. 
However, due to the effects on respiration, circulation of blood, and fine motion of the live body, the 
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measurements of the stable and consistent results of in vivo testing are still challenging. Stopping 
respiration of the subject during the measurement could be reduced the influence of the motion, but the 
measurement period is limited at most one minute due to the safety of the subject. Moreover, the 
removing influence of instrumentation and experimental condition from the in vivo raw data still needs 
more work to be used for characterization tasks. Therefore, the data from the harvested tissues (in vitro) 
and live tissues (in vivo) should be studied to complement each other until the instrumentation with 
robustness and sufficient stimulus are developed and validated. 

The mechanical properties presented in this study offer two basic uses in medical simulators. First, they 
can be used directly in the simulator to compute visual deformations and interaction forces that are 
displayed in real time. Although real-time computations of complex tissue behaviors are challenging, 
there is some encouraging work [19]. Second, the mathematical models presented here can be used as a 
standard for the evaluation of new real-time algorithms for computing deformation [20]. 

Further progress on the soft tissue characterization requires work in three areas. First, it is essential to 
establish experimental protocols, and devices with the range, robustness and bandwidth required to obtain 
comprehensive organ data rapidly. Second, mechanical models should be developed, which could 
efficiently represent organs’ topologies, anatomical structures, boundary conditions and mechanical 
properties. Finally, three-dimensional FE model applied the geometrical information is necessary to 
obtain more accurate mechanical properties of soft tissues. 
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Abstract 

 

A large number of pathological conditions result in significant changes of the mechanical properties of the aortic wall. Using the 
Pulse Wave Velocity (PWV) as an indicator of aortic stiffness has been proposed for several decades. Pulse Wave Imaging (PWI) 
is an ultrasonography-based imaging method that has been developed to map and quantify the pulse wave (PW) propagation 
along the abdominal aortic wall and measure its local properties. We present a finite-element-based approach that aims at 
improving our understanding of the complex PW patterns observed by PWI and their relationship to the underlying mechanical 
properties. A Fluid-Structure Interaction (FSI) coupled model was developed based on an idealized axisymmetric aorta geometry. 
The accuracy of the model as well as its ability to reproduce realistic PW propagation were evaluated by performing a parametric 
analysis on aortic elasticity, by varying the aortic Young’s modulus between 20 kPa and 2000 kPa. The Finite-Element model 
was able to predict with good accuracy the expected PWV values in different theoretical cases, with an averaged relative 
difference of 14% in the 20kPa-100kPa, which corresponds to a wide physiologic range for stiffness of the healthy aorta. This 
study allows to validate the proposed FE model as a tool that is capable of  representing quantitatively the pulse wave patterns in 
the aorta. 
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1 Introduction 

For several decades, the pulse wave velocity (PWV) has been used as a health indicator of the 
cardiovascular system. This assertion relies on the fact that the PWV is directly linked to the aortic 
stiffness and that a large number of pathological conditions result in a significant alteration of the aortic 
mechanical properties. Such alterations can be either global (e.g., chronic hypertension) or localized (e.g., 
atherosclerosis, aneurysm). Hence, the knowledge of the PWV is potentially helpful for the detection of 
some cardiovascular diseases, especially at an early stage. 

Different non-imaging methods have been proposed to measure the PWV, but they rely on the same 
principle, i.e., measuring the time delay between pulse profiles at two different locations in the arterial 
tree [1]. Knowing the distance between those two locations, the averaged PWV can then be calculated 
(see Figure 1). The most common method consists of measuring the delay in the “foot” of the pressure 
wave between the carotid and the femoral arteries. Although they are relatively simple, the principal flaw 
of such methods is their poor accuracy and the fact that they provide a global, averaged measurement of 
the PWV. They are therefore useless for the identification and localization of focal and/or subtle changes 
of the mechanical properties. As a consequence, there is a strong interest in proposing a method that 
would allow the visualization and the measurement of local values of the PWV along the entire aorta. 
This is especially relevant for abdominal aortic aneurysms (AAA). As it has been widely suggested in the 
literature, biomechanical aspects are essential in the understanding of the rupture of AAA, and having a 
method that would be able to characterize the aneurysmal wall would be of great interest for essentially 
two reasons. The first reason is that the development of the AAA is accompanied by the alteration of the 
metabolism of the elastic fibers like elastin and collagen [2], resulting in an alteration of the mechanical 
properties. Such changes in the mechanical properties are suspected to possibly occur prior to changes in 
the aortic wall geometry, and being able to measure them could help their characterization at an early 
stage even before their detection by conventional medical imaging, so, at the very early stages. The other 
reason is related to the choice that a vascular surgeon has to make when deciding whether the AAA has to 
be repaired or not. The only currently applied criterion is based on its size, i.e., if the AAA exceeds 5.5 
cm in diameter, surgical intervention is warranted [3]. However, it has been shown that a significant 
number of AAA rupture below this critical size whereas also a significant number of them never rupture 
despite their large size [4]. The rupture of the AAA is a biomechanical issue that can be described in a 
simple way by the fact that rupture occurs when the stress that the wall undergoes exceeds its strength. 
Finite-element modeling of the AAA with realistic geometries has been shown to be a useful method to 
predict the stress distribution along the wall [5,6,7], based though on constitutive relationships derived 
from in vitro experiments. A method that would be capable of measuring in vivo mechanical properties of 
the wall is therefore key in order to accurately understand the mechanical behavior of the AAA. 
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Figure 1: Principle of the foot-to-foot delay method. The foot of the pressure profile is detected at locations (1) and (2) of 
the aorta. The foot arrives at location (2) after a delay �t. Knowing this delay and the distance between (1) and (2) allows 

to estimate the PWV. 

Pulse Wave Imaging (PWI) has been proposed as an ultrasonography-based method to estimate the PWV 
along the abdominal aorta [8, 9].  By using a retrospective electrocardiogram (ECG) gating technique, the 
radio-frequency (RF) signals over one cardiac cycle are obtained at very high frame rate (8 kHz,  with a 
field-of-view (FOV) of 12 �12 mm2 for mice). The radial velocity of the aortic wall is estimated using an 
RF-based speckle tracking method along the entire aorta. PWI has been performed on both normal mice 
and on mouse models of AAA, and distinct PW profiles were obtained [10]. Figure 2 illustrates an 
example of the propagation of the pulse wave in the normal mouse. Determining the mechanical 
properties from such varying PW patterns is not straightforward due to the complexity of the problem that 
involves the intricate wall mechanics with the coupled interaction between the blood flow and the wall. 
We present a finite-element-based approach that aims at improving our understanding of the PW patterns 
and their relationship to its underlying mechanical properties. The accuracy of the model as well as its 
ability to reproduce realistic PW propagation are also evaluated regarding theoretical idealized situations.   

 

Figure 2: In vivo PWI on normal mouse at different times (a,b,c,d) showing the propagation of the pulse wave along the 
abdominal aorta. Radial wall velocity is color-encoded and overlaid on the B-mode Image. 
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2 Methods 

2.1 General Description of the Model 

The Fluid-Structure Interaction coupled model was developed in a commercial FE package (COMSOL, 
Burlington, MA, USA). The fluid motion is governed by the Navier-Stokes equation that describes the 
incompressible blood flow: 

�1��
�
� 2).( �������



 ��  ,   (1) 

where � is the velocity vector, ª the dynamic viscosity, ~ the fluid density and 1 the pressure. The arterial 
wall was supposed nearly incompressible and linear elastic. The limitations of such approach will be 
discussed further in this work. The action of the fluid on the wall was derived from the action of the fluid 
pressure 1. The problem was solved using a two-way FSI coupling, where the fluid and solid motion 
equations were solved simultaneously and loads and boundary conditions were exchanged after each 
converged increment. The abdominal aorta was modeled as a 2D axisymmetric domain consisting of a 
fluid (blood) and a solid (wall) region (Figure 3). The assumption of axisymmetry is commonly used in 
hemodynamics studies and offers the advantage of reducing significantly the computational cost 
compared to 3D models. However, this approach allows for the combined study of pulse wave 
propagation in the longitudinal direction and of the spatial variation of the wall motion in the radial 
direction. 

The dimensions of the FE model were chosen in order to simulate previous experiments performed on 
mice [10]. The abdominal aorta was 12mm long. The radius of the vessel was 0.5mm and the wall 
thickness 0.1mm, similar to the values observed in vivo in the ultrasound scans. A structural 
computational grid was designed by defining 40 elements in the longitudinal direction and 12 in the radial 
direction. Blood flow was assumed to be Newtonian. The blood density was chosen to ~=1050kg/m3 and 
its viscosity was chosen to ª=0.004 Pa.s. The arterial wall was modeled as elastic, with a Poisson’s ratio 
of ²=0.499999. The values of the the Young’s modulus were varied for a parametric analysis as it will be 
described below. 

2.2 Boundary Conditions and Simulation Parameters 

A time-dependent pressure profile was imposed as an inflow boundary condition, representing the cardiac 
output of the murine heart. This was based on non-invasive in vivo pulsed Doppler measurements in 
normal murine aortas under resting conditions. The pressure profile was calculated from the measured 
flow data assuming a parabolic velocity profile. The arterial tree on the distal side of the model was 
represented by a two-element Windkessel model, consisting of a capacitor � and a resistance � in 
parallel. The value of the capacitance � was accordingly selected to account for the distensibility of the 
large and small blood vessels, while the value of the resistance � accounts for the large pressure decrease 
in the small systemic arteries and capillaries. Figure 3 represents the proposed FE model. 

In the structural mechanics model, the time-dependent pressure spatial distribution was prescribed as a 
load 1 on the arterial wall. A zero longitudinal translation was imposed on all boundaries, while free 
motion was allowed in the radial direction. These boundary conditions correspond to fixing the ends of 
the aorta in the longitudinal directions.  

A total of 3 cardiac cycles were simulated. The transient coupled fluid-solid problem was solved with a 
fixed time step of 0.1ms, which is also similar to the in vivo temporal resolution of 0.125ms.  

121

Jonathan Vappou; Ioannis Zervantonakis; Jianwen Luo; Elisa Konofagou



 

Figure 3: FEM of the aorta showing also the Boundary conditions for the fluid domain 

2.3 Data Analysis 

The peak of the pressure wave was tracked in space versus the distance from the inflow boundary (56 and 
versus time �, allowing to measure, for each discrete value of 5, the time at which the peak of the wave 
arrives. The coordinates (5%�) of the peak were linearly fitted in a region of interest (ROI) from this plot, 
allowing to calculate the PWV. Figure 4 illustrates that principle. When the wall was implemented as 
homogeneous, the ROI was simply the entire aorta. In the case of heterogeneous wall, several ROI were 
chosen for each distinct region in the FE model. This issue will be discussed further in this paper. 

 

4: (a) 3D and (b) 2D representation of the pressure versus time and distance from the inflow boundary. The dark line 
illustrates the tracking of the peak of the curve. A linear regression of this curve allows to compute the PWV. Here, the 

input Young’s modulus is 50kPa. 

2.4 Parametric Analysis 

A parametric analysis was performed by varying the values of Young’s modulus of the wall from 
E=20kPa to E=2000kPa. For each value, the PWV was calculated from the simulations by the method 
described above. The values of the PWV were compared to the analytical solution of a pulse wave 
propagating in a cylindrical homogeneous linear elastic tube, given by the modified Moens-Korteweg 
equation, i.e.: 

)1(2 2�� �
�

�
(�",#    ,     (2) 
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where E is the aortic Young’s modulus, ² the Poisson’s ratio, h and R the wall thickness and radius, 
respectively, and ~ its density. Such analysis was performed in order to test the ability of the presented 
model to predict correctly the PWV in simple cases that have a straightforward easy analytic solution, 
e.g., the case of an axisymmetric thin-walled tube. The stiffness range was chosen according to extreme 
values reported in the literature for healthy and diseased aortas. A commonly accepted range for the 
healthy aorta is E=50-100kPa [1].  

An analysis was also performed on a heterogeneous aorta. For this case, a stiffer region of E=500kPa was 
included in the aorta with E=100kPa. This region was 5mm long. It aims at simulating an alteration of the 
stiffness that would result, for example, from the existence and formation of an aneurysm, before the 
shape or the aortic lumen change significantly.  

3 Results 

The effect of changing the aortic Young’s modulus was clearly observed, as represented in figure 5. It 
was found that an increase in Young’s modulus results in an increase in the PWV. The Young’s modulus 
calculated by equation 2 was found in good agreement in the 10kPa-500kPa range. For higher values, the 
PWV was too high for the temporal resolution and no convenient fit of the peak (z,t) coordinates could be 
performed (r2<0.5). The results found in the 10kPa-500kPa range are shown in figure 6. All results are 
shown in table 1. 

Figure 5: Pressure profiles for (a) E=50kPa and (b) E=500kPa, illustrating that the PWV increases with the aortic 
stiffness 
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Figure 6: Young's modulus calculated from the PWV versus the assigned Young's modulus

 

Einput 20 kPa 50 kPa 100 kPa 500 kPa 1000 kPa 2000 kPa 

r2 of the 
PWV linear 
regression 

0.94 0.96 0.91 0.75 0.48 0.43 

Ecalculated 24 kPa 51 kPa 121 kPa 255 kPa - - 

Relative 
difference 

20% 2% 21% 49% - - 

 "�������-�����������������������&&�����  

Table 1: Values of Young's modulus obtained by calculating the PWV and using the modified Moens-Korteweg equation. 
These results show the limits of validity of the method (E<500kPa) 

The stiffer region was clearly detected in the case of the heterogeneous aorta, and a considerable variation 
of the PWV was found, as illustrated in figure 7. A value of E=720kPa was found in the stiffer region, 
which has to be compared to the input value of E=500kPa.  
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Figure 7: Illustration of the incremental radial displacement of the wall in the case of an aorta (E=100kPa) with a stiffer 
inclusion (E=500kPa), for one cycle. Approximate slopes are represented, which clearly show that the PWV is higher 

inside the stiffer region. 

4 Discussion and Conclusions 

In this study, a FE model of the aorta was developed in order to simulate the propagation of the pulse 
wave. Such a FE approach will be essential in our understanding of complex PW patterns that appear in 
sophisticated, real problems that can not be easily solved analytically. The current model is still basic, as 
it will be discussed below, but it was shown to be capable of quantitatively predicting correct values of 
the PWV. As a consequence, it was validated for the measurement of the PWV under its underlying 
physical assumptions. For such validation purposes, a 2D cylindrical geometry was studied since such 
geometry can easily be solved analytically by means of the Moens-Korteweg equation, allowing therefore 
a comparison to be established. 

The proposed FE model was shown to be able to quantitatively predict the expected aortic Young’s 
modulus in the 20kPa-500kPa range. This method relies on the determination of the PWV by performing 
a linear regression on the temporal and spatial variations of the peak. As the stiffness increases, so does 
the PWV and the precision of the linear regression decreases due to the limitations in temporal resolution. 
The limit value of 500kPa corresponds to a correlation coefficient of r2=0.75 for the linear regression. 
Such limitations in temporal resolution represent a clear limitation for the PWI method. However, the 
upper limit of 500kPa is above reported aortic stiffness values. As a result, the method is appropriate for 
physiologic aortic stiffness values and seems to perform most reliably within the healthy aorta range 
(20kPa-100kPa). 

In this study, only 2D axisymmetric geometries were considered. Although this geometry is a relatively 
good representation of the abdominal aorta, it can be critical in certain cases where the exact specific 
geometry needs to be known. Further development consists in developing a similar 3D realistic model 
based on patient-specific geometries that will be recorded by 3D imaging. Vorp et al. [5] showed the 
importance of knowing the wall geometry in order to predict correct stress distributions. Although the 
goal of this model is not to predict stresses, but rather to predict correct PW patterns, it can be expected 
that the geometry will have a significant influence on the PW propagation properties.  
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In this study, the arterial wall has been considered as an incompressible, homogeneous, linear Hookean 
isotropic elastic material. Even though the hypothesis of incompressibility seems to be reasonable for all 
soft tissues, it has been repeatedly shown that the arterial wall is an anisotropic medium that exhibits 
complex non-linear viscoelastic properties. Assuming a linear elastic model is especially critical as 
deformation levels of the wall can range up to 20% during the cardiac cycle [11]. However, despite the 
complex nature of this material, it remains important to start using a simplified rheological model of the 
arterial wall. Going further into the complexity of its mechanical description would not make sense, if the 
simplified model is not quantitatively validated by simple basic simulations. Ongoing work deals with the 
use of a non-linear stress-strain relationship for the aortic wall in order to improve the realism of its 
mechanical response.  

Compared to other existing FE models of the aorta [5,6,7], this current model might be simplistic in terms 
of geometry and mechanical properties, as explained above. However, it uses time-dependent boundary 
conditions obtained from in vivo Doppler flow measurements, and it takes into account the time-
dependent coupled interaction between the fluid and the solid domains. This provides it with the 
capability of studying transient problems such as the propagation of the pulse wave. Preliminary 
experimental validation of this model is currently the topic of ongoing studies. 
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2 Materials and methods 

2.1 CT data 
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2.2 Finite element mesh 

,�����
���������
���������������������
��9'��
����:���
����������������	�������
��
���,������������(�����
����������
������������M8D�4�����>�	����������
��������
�"�
������������������,���������������������
����
��;�������������
����
�������
�������
��
�������/S8)�9�����)�����	�<�408:��
������	��������
�������
������ ������
���������������� �����
����������� ��, ��������� ���������������� �������������$���������, �
���������,���	����������
���������
�������	�
����������6< 62�
������
��-<6%2������
����

�

Figure 1 9�:�,�����������	���������������
������9�:�,�����
���������
�������������
���

150

Orientation definition of anisotropy is important to finite element simulation of bone material properties



�

2.3 The procedure of material property assignment 

2.3.1 Calculation of the average CT number 
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2.3.2 Calibration of the CT dataset 
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2.3.3 Calculation of the elastic constants 
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2.4 The definition of material orientation 

8��$��#
�$<���
�����
	�
������ 	
������������	��
�5������	�
�����
�����^$����?����$?�$��	���������
�������
���������(����
��������
��	��
���������;���
����������
���
���
�����	����	�
����
������
����������������	��
��
�
�����,�
�<��������
	�
��������
��9����������������
�����
:�����
����	��
	�����$�����������
	���������������	#�
0�
	����
������
�������	��
�5����������������	���������<������������
����
�������
	������������������
�����
�
�������
�������
��� ��	��� ��
�����
	�
� ���������
���� ��������������� �
�����
���� ��
���������������������� �
8		����
���������	����	�����
�����
	�
� ���
���������������
��	�
 	����
����
�� ���
	�
����
���������
�	#<�
�������
	������������������
�����
����	�
	����
����
���������
��������������	���
�������������	
�������
	�
����
�
���������
	������������������
�����
����	����	�����
�������������	���
����������(�����
���������

2.5 Loading conditions 
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2.6 Comparison of isotropic and orthotropic material property assignments 
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3 Results 

3.1 Inhomogeneous distribution of material properties 
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3.2 The definition of principal material orientation (orthotropic FE-simulation) 
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3.3 Differences between isotropic and orthotropic material models 
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Abstract

In this paper, we propose a Mix-resolution Bone-related Statistical Deformable Model (mBr-SDM) to improve the predicting 
accuracy of orthognathic surgery, particularly for the main deformation region. Mix-resolution Br-SDM consists of two separate 
Br-SDM of different resolutions: a high-resolution Br-SDM which is trained with more samples to capture the detail deforming 

variations in the main deforming regions of interest, together with a low-resolution Br-SDM which is trained with a smaller 
number of samples to capture the major variations of the remaining facial points. The experiments have shown that the mix-

resolution Br-SDM is able to significantly reduce the predicting error compared with the corresponding Finite Element Model, 
while giving a low computational cost which is characteristic of the SDM approach. 
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1 Introduction 

Orthognathic surgery aims to correct for abnormities of the facial anatomies. Computer aided planning of 
such surgeries has been an area of active research in the past decades because the predicted facial 
outcome of the surgery helps surgeons to choose the best surgical strategy among the possible surgical 
plans, as well as to improve the communications between the surgeons and the patients. Conventionally, 
the appropriate osteotomy line and the necessary displacements of the jaw segment are determined by 2D 
cephalometry. The advent of high quality medical imaging modalities (such as CT images) has made 
possible accurate and efficient representation and prediction of the 3D facial changes as a result of 
surgery, and at the same time, posed many new challenging problems, among them is the prediction of 
facial soft tissue deformation as a result of craniofacial bone movements. The Mass Spring Models (MSM)
has been introduced [1] to model the facial tissue as masses and springs connecting neighboring masses. 
The model structure is intuitive, and computational cost of predicting tissue deformation is low. The 
major disadvantage is that the parameters in a MSM, such as the spring constant [4], typically do not bear 
direct relation to the biomechanical properties of human soft tissues. Later on, Finite Element Models 
(FEM) [2], as a general discretization procedure of continuum problems is suggested to solve the problem 
of facial deformation. FEM is accurate [3], but computational and memory intensive which makes it not 
particularly suitable for real-time surgical planning where interactive response with the user is a key 
requirement. While the Mass Tensor Model (MTM) [5] provides a model that has the simplicity of MSM 
as well as the accuracy of FEM, the computational demand for prediction process using high resolution 
models is still far from real-time responses. Statistical Deformable Model (SDM) which has been 
developed originally for object segmentation [6] and motion analysis [7] has been introduced for soft 
tissue prediction by Meller in 2005[8]. With SDM, the system is able to learn the prior knowledge of 
tissue deformation from a set of training samples, and predict facial changes according to the learned 
knowledge. This method, while it is efficient, it suffers from the small sample size problem [9] which is 
typical of many other applications of SDM. This problem is particularly significant in surgical planning 
applications because typically we do not have many real life instances of medical organ samples. 
Additionally, in [8], the authors used the pre-operational facial model to predict the post-operational facial 
changes by assuming that all patients underwent the same standard surgery, and, more important, the 
approach does not take bone movements into account. Thus it is not particularly applicable to 
orthognathic surgical planning where different surgical plans would be investigated and evaluated. 

To harness the accuracy of FEM and the computational efficiency of SDM as well as taking into account 
the bone-movement that cause the tissue deformation in the first place, we have introduced a novel 
statistical deformable model called Bone-related SDM or Br-SDM in [10]. In Br-SDM, FEM is first 
applied to generate a large sample set of soft-tissue deformation instances with respect to different jaw-
bone movements, then the generated set of deformation samples are used to train a Statistical Deformable 
Model (SDM) for subsequent surgical planning, which is eventually used to predict the facial changes for 
specific jaw movements. The experimental results demonstrate that the Br-SDM has comparable 
accuracies with FEM (the average predicting difference of the two methods stayed within 10% of the jaw 
movement) while using only 10% of the computational time and memory of conventional FEM. However,
it is also observed that, the predicting differences between Br-SDM and FEM in the main deforming area, 
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e.g. the region of the chin, has the highest errors compared with the other points on the face by almost 
20% to 30% of the jaw movement. One possible cause of this phenomenon may be due to the insufficient 
sample size for the training of the SDM as well as insufficient resolution of the bone and soft tissue 
meshes around those facial regions. 

To address the above problems, the primary contribution of this paper is that we propose a novel 
mixed-resolution Br-SDM (mBr-SDM) which consists of a high-resolution SDM, called sub-SDM, for the 
main deforming regions of interest which is trained with more samples to capture the detail deforming 
variations in the main deforming area, together with a low-resolution SDM, called main-SDM, which is 
trained with a smaller number of samples to capture the variations of the remaining facial points. The 
experiments have shown that the sub-SDM is able to reduce the predicting error compared with FEM 
significantly, while the maintaining the low computational cost which is characteristic of our original Br-
SDM approach. The resulting SDM is called Mixed-resolution Br-SDM because it consists of two 
separate SDMs each with a different mesh resolution and different training sample size which enables 
precise prediction of soft tissue deformation as a result of bone movement, particularly for the facial areas 
where the main deformation occurs. 

The rest of this paper is organized as follows. Section 2 briefly summarizes the work described in [10]. 
Section 3 presents Mixed-resolution Br-SDM, with the experimental results shown in section 4. We 
conclude our paper in section 5. 

2 Formulation of Br-SDM 

We have previously proposed a Bone-related SDM or Br-SDM to achieve both accurate and efficient 
prediction for orthognathic surgery planning. For the detail formulation of the construction of a Br-SDM, 
we refer to [10]. We give a brief summary of the technique in the following. 

Using conventional linear Finite Element Method (FEM), we can generate different facial outlook 
according to different surgical plans. Then for each output, displacements of the boundary points (defined 
as those soft-tissue vertices that overlap with the jaw surface, which reflect the jaw movements of the 
plans) and the displacements of the non-boundary points (which reflect the facial appearance as predicted 
by FEM) form a sample 1 1( , ) ( ,..., , ,..., )T T

boundary non boundary m m nX � � � � � �� �� � , where i� is the displacement of 
vertex i  of on the soft-tissue mesh, with the first m  vertices overlapped with the jaw mesh and defined as 
boundary points, and the remaining n-m points which are free to deform and defined as non-boundary 
points.

All these samples are collected and used in the construction of a Statistical Deformable Model (SDM): 

X X b� �� (1)

where X is the mean of the sample, calculated by 
1

1 N

i
i

X X
N �

� 
 with the sample count N , and 

1( ,... )tp p� � is the major variation modes with the eigen-vectors 1,... tp p correspond to the largest t  eigen-

values of the covariance matrix S  calculated by 
1

1 N
T

i i
i

S dX dX
N �

� 
 .
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Given a statistical deformable model for bone-related soft tissue prediction, a surgery plan can be 
expressed in terms of the cutting plane of the jaw model and the displacement of the jawbone pieces. 
These displacements can be further transformed into boundary� to predict non boundary� � . Then by minimizing 

2
( ) ( )boundaryboundary boundaryD b b� �� � �� (2)

where boundary� and  boundary�  are  the non-boundary part of X and �  respectively,  we can choose 
appropriate variation parameter b to fit boundary�  into Br-SDM. And then b is used further to calculate 

non boundary� �  which represent the facial changes by: 

non boundarynon boundary non boundaryb� � �� �� �� (3)

where non boundary� � and  non boundary��  are  the non-boundary part of X and �  respectively. 

3 A Mixed-resolution Br-SDM (mBr-SDM) 

3.1 Motivation 

We have shown through experiments that while the Br-SDM presented above can achieve a good average 
accuracy for post-operative prediction of soft tissue deformation which is around 10% of the predicted 
deformation by FEM [10],  we also observed that the predictive errors for certain areas of face are higher 
than that for the other areas. Specifically, when we visualize the prediction errors of each point on the 
soft-tissue mesh according to their positions, we find that the major differences lie in the two sides around 
the chin, as illustrated in Fig.1. 

(a) (b) (c) 
Fig. 1. The differences (colour-coded) in predicted movement of the vertices (comparing with FEM) for the surgical plan of 
moving jaw-bone forward 5.1mm. (a) the front view, (b) the bottom view and (c) the side view.  Green points: points with the 
least difference (0 mm), red points: points with the largest difference (2.3 mm), the other points: the color is interpolated between 
red and green according to the difference. 

From Fig.1 and fig 2, we can see that points lying on both sides of the chin have the largest differences in 
terms of predicted movements between Br-SDM and FEM. In Fig.2, we can see that the points within the 
main deform area suffer from relatively large prediction differences of up to 2.3 mm, while the other 
points proved to have good accuracy within differences of below 0.5mm. Unfortunately, it is the area, 
which suffers large prediction differences are the place where we are most interested in, and we need 
therefore to improve the prediction accuracy compared with FEM. 
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The reason for large difference may be that points in this area have more deforming variation modes. To 
capture the large number of fine deformation modes, we need a higher-resolution mesh model and more 
training samples. But we also need to make sure that the computational requirement does not increase 
significantly at the same time. To this end, we introduce a mixed-resolution Br-SDM which consists of a 
high-resolution Statistical Deformable Model (called sub-SDM) for the region of particular interests while 
keeping the original low-resolution SDM (called main-SDM) to model the deformations in other areas. 

0 50 100 150 200 250 300 350 400
0

0.5

1

1.5

2

2.5

Vetex Index

P
re

di
ct

in
g 

D
iff

er
en

ce
 b

et
w

ee
n 

FE
M

 a
nd

 B
r-S

D
M

 fo
r e

ac
h 

ve
rte

x 
(m

m
)

Fig. 2.  Differences in the predicted movements between FEM and Br-SDM of each vertex for the surgical plan of moving jaw-
bone forward 5.1mm. 

3.2 The structure of the Mixed-resolution Br-SDM 

The points on the soft-tissue mesh consists of two sets, one of which, we call set A, consists the points 
within the main deformation area of interest, e.g. the area of the chin as mentioned before (illustrated in 
Fig.3), and the other set, called set B, consists the other points. 

(a) (b) 
Fig. 3. Points within the main deformation area (marked as yellow). (a) the front view and (b) the bottom view 

Consequently, the sample defined in section 2 is divided into two parts, { , }A boundary A non bundaryX � � � ��  and 
{ , }B boundary B non bundaryX � � � �� , where A non bundary� � �  are the displacements of the points in set A, and B non bundary� � �

are the displacements of the points in set B. 
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Then as described in [10], we use FEM to generate samples, and these samples are transformed into � �AX

and � �BX  respectively. � �BX  is used to train the main-SDM :

BB BX X b� �� (4)

with � �B boundary B non boundaryX � � � ��  the mean of � �BX  and B boundary
B

B non boundary

�

� �

�� �
� � � ��� �

 the variation mode. 

As mentioned before, we needs more samples to capture the variation modes within � �AX . So introduce 
and simulate more surgical plans to generate more samples in this critical facial area, and these samples 
are incorporated into � �AX , to train the sub-SDM :

AA AX X b� �� (5)

with � �A boundary A non boundaryX � � � ��  the mean of � �AX and A boundary
A

A non boundary

�

� �

�� �
� � � ��� �

 the variation mode. 

To predict the soft tissue changes of a given surgical plan boundary� , the displacements of the points in set A 

A non boundary� � � are found using (5), by minimizing 

2
( ) ( )boundaryX A A boundary A boundary AD b b� �� �� � �� (6)

and calculating  

A non boundaryA non boundary A non boundary Ab� � � �� � � �� �� (7)

where A boundary��  and A non boundary� �� are the first and second parts of A�  corresponding to the boundary and 
non-boundary points respectively, boundary�  and A non boundary� � � are the first and second parts of  AX
corresponding to the boundary and non-boundary points respectively, and Ab is the variation parameter 
estimated in (6) and taken into (7) to compute A non boundary� � � .

Similarly, the displacements of the points in set B  B non boundary� � � are found using (4), by minimizing 

2
( ) ( )boundaryX B B boundary B boundary BD b b� �� �� � �� (8)

 and calculating 

B non boundaryB non boundary B non boundary Bb� � � �� � � �� �� (9)

where B boundary��  and B non boundary� �� are the first and second parts of B�  corresponding to the boundary and 
non-boundary points respectively, boundary�  and B non boundary� � � are the first and second parts of  BX
corresponding to the boundary and non-boundary points respectively, and Bb is the variation parameter 
estimated in (8) and taken into (9) to compute B non boundary� � � .
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4 Experiments and Results 

4.1 Variations of Prediction accuracy of Br-SDM with different training samples 

Fig.5 shows the prediction differences of the selected 82 points of a Br-SDM trained with 244 samples 
and 334 samples respectively. Compare with Fig.4, which shows the predictions differences of a Br-SDM 
trained only with 128 samples, we can see that the prediction differences reduce when the number of 
training samples increases. In case of a Br-SDM trained with 244 samples, the major differences stay 
below 1.0mm, with the mean 0.64mm; and in case of a Br-SDM trained with 334 samples, the major 
differences even stay below 0.5mm, however, the deviation is larger, with errors of some points are larger 
than 1.5mm or even up to 2.5mm. We interpret this observation as the result of over-training.  

Fig. 4. Prediction differences of the selected 82 points from the original 128 samples ( in the case that the jawbone piece is 
moved forward 5.1mm) 

(a) (b) 
Fig. 5. Predicting differences of the selected 82 points (in the case that the jawbone piece is moved forward 5.1mm). (a) the 
prediction difference from the SDM trained with 244 samples, (b) the prediction difference for the SDM trained with 334 
samples 

When we apply the proposed mix-resolution Br-SDM that consists of the sub-SDM of the main 
deformation area and the main-SDM of the other facial region, we find that the average differences are 
significantly reduced (table 1). 

Table 1.  Mean predicting difference for different surgical plans. 
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Surgical Plan Mean Difference 
(Br-SDM) 

Mean Difference 
(mBr-SDM) Mean Difference (A) 

F+3.1mm 0.32mm 0.12mm 0.45mm 

F+4.3mm 0.44mm 0.20mm 0.58mm 

F+5.1mm 0.51mm 0.32mm 0.64mm 

*F+ is for Mandible Advancement. The mean difference is defined as 
1

1 ( )
n

i
E e i

n �

� 
 . It can seen from 

Table 1 that the mean differences for mBr-SDM is significantly reduced compared with those for Br-
SDM. A denotes the mean difference for the main deforming region calculated by the Mixed-resolution 
Br-SDM. 

4.2 Computational Cost 

By incorporating sub-SDM in the mixed-resolutions Br-SDM does not require much additional 
computational cost. The only additional cost is consumed in the process of training the sub-SDM. Since 
the sub-SDM typically covers only a small region of the face where the major deformation occurs, it 
typically consists a small number of vertices, (82 points in our example), the training of the high-
resolution sub-SDM can be completed in our experiment in 1 minute using a PC with Intel Pentium M 
processor and 2Gbyte RAM with a matlab program.  

5 Conclusion 

In this paper, we proposed a Mixed-resolution Br-SDM (mBr-SDM) to improve the prediction accuracy 
of bone-related soft-tissue changes in orthognathic surgical planning while maintaining a low 
computational costs compared with FEM. Specifically, Mixed-resolution Br-SDM consists of a sub-SDM
which serves to capture the detail deformation variations of the points around the main deforming areas of 
interest, while a low-resolution main-SDM is used to capture the deforming variations of other points of 
the facial regions. This way, we are able to focus the computations of detail deformation modes using 
more samples for the regions of interests within a SDM, while keeping the computational costs down 
compared with FEM. 
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